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Optimization of tokamak disruption scenarios
Avoidance of runaway electrons and excessive wall loads

Hannes Bergström
Peter Halldestam
Department of Physics
Chalmers University of Technology

Abstract
Research in the field of fusion science has been propelled by its potential to allevi-
ate humanity’s reliance on fossil fuels. One of today’s most promising approaches
to generating thermonuclear fusion energy uses magnetic confinement of hydrogen
fuel in the plasma state. The tokamak concept, which has achieved the best fusion
performance so far, is used in the three reactor-scale devices (ITER, SPARC and
STEP) currently being constructed — they aim to achieve a positive energy bal-
ance, thereby demonstrating the scientific feasibility of magnetic confinement fusion
energy.

A major open issue threatening the success of these tokamaks is plasma disrup-
tion. In these off-normal events the plasma loses most of its thermal energy on a
millisecond timescale, exposing the device to excessive mechanical stress and heat
loads. In addition, in the high-current devices currently under construction, one
of the most important related problems is posed by currents carried by electrons
accelerated to relativistic energies, called runaway electrons. If these were to strike
the inner wall unmitigated, it may cause potentially irreversible damage to the de-
vice. The methods proposed to mitigate these dangerous effects of disruptions, such
as massive material injection, are characterized by a large number of parameters,
such as when to inject material, in which form and composition. This poses an
optimization problem that involves a potentially high-dimensional parameter space
and a large number of disruption simulations.

In this work, we have developed an optimization framework that we apply to
numerical disruption simulations of plasmas representative of ITER, aiming to find
initial conditions for which large runaway beams and excessive wall loads can be
avoided. We assess the performance of mitigation when inducing the disruption
by massive material injection of neon and deuterium gas. The optimization metric
takes into account the maximum runaway current, the transported fraction of the
heat loss — affecting heat loads — and the temporal evolution of the ohmic plasma
current — determining the forces acting on the device.

Keywords: fusion plasma, disruption mitigation, runaway electrons, Powell’s method,
Bayesian optimization.
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1
Introduction

Humanity’s heavy reliance on burning fossil fuels and excessive emissions of green-
house gases have caused global mean temperatures to increase more than 1°C in
the last hundred years [1, 2]. While it is clear that the use of fossil fuels must be
reduced as soon as possible, it is not as obvious what alternative sources of energy
are to be their replacement. Renewable energy, such as wind and solar power, are
able to produce electricity without emitting much greenhouse gases, but they are
heavily dependent on local weather conditions, thus providing an unreliable supply
of electricity to the grid [3].

Energy obtained from nuclear fission, used in modern power plants, provides the
most power per unit area out of all energy sources currently available. Such nuclear
reactions include neutron-induced fission of the uranium-235 isotope into various
smaller nuclei. The difference in mass prior to and after the reaction is turned into
kinetic energy for the reaction products. This energy can subsequently be used
to power steam turbines that generate and provide electricity to the grid, making
nuclear fission a much more predictable source of energy compared to the currently
available renewable alternatives. However, concerns about the accumulation of long-
lived radioactive waste and the threat of the extraordinary event of catastrophic
nuclear meltdowns, such as those in Chernobyl (1986) and Fukushima (2011), all
act to counterbalance the public opinion on whether or not to build more fission
reactors. The world’s energy dependence on fossil fuels is, along with the destructive
potential of nuclear weapons, among the defining aspects of modern time.

Another category of nuclear reactions is thermonuclear fusion, in which nuclear
energy is instead harnessed by fusing together smaller particles into more stable
and heavier ones, rather than splitting them apart as in fission reactions. The
extreme temperatures required for the kinetic energy of the nuclei to overcome the
Coulomb barrier and fuse together makes it very difficult to achieve sustained nuclear
fusion here on Earth. To obtain controlled fusion energy, one needs to introduce a
sufficiently strong force field to confine the hot ionized gas constituting the fusion
fuel. In stars, such as the Sun, a strong gravitational field puts the constituent
plasma in force balance with the immense radiation pressures arising from the fusion
reactions of hydrogen into helium in the core region.

The gargantuan mass needed, makes gravitational confinement fusion essentially
only possible in stars. On Earth, there are however a few options to consider.
Instead of the gravitational force, inertial confinement fusion, for instance, uses the
inertia of a plasma to achieve thermonuclear fusion. This can be done by rapidly
compressing a gas such that the fuel becomes sufficiently dense and hot for fusion
reactions to occur, though only during a limited amount of time before the plasma

1



1. Introduction

expands. The approach considered in this thesis confines the charged particles of
the plasma with the use of magnetic fields.

1.1 Magnetic confinement fusion
Due to the extreme temperatures required for the hydrogen isotopes to fuse, fusion
fuel used in magnetic confinement fusion (MCF) is inherently in the plasma state.
We know from electrodynamics that charged particles, making up the ionized gas,
move in gyro-orbits around magnetic field lines, as further detailed in Sec. 2.2. MCF
uses the conductive property of plasmas to confine the fuel with a strong magnetic
field. A naive approach is to simply shape the magnetic field into a torus, in an
effort of keeping the charged particles in closed orbits. However, this would result
in the fusion fuel drifting radially outwards, as further discussed in Sec. 2.1, and
consequently, a loss of its confinement [4].

First conceptualized by Soviet physicists in the early 1950s, the tokamak1 resolves
this issue by introducing a poloidal component of the magnetic field by inducing a
plasma current of several megaamperes to counteract such drifts. A schematic of this
design is illustrated in Fig. 1.1. This plasma current allows the magnetic geometry to
be azimuthally symmetric, yielding the exceptional energy confinement properties of
the tokamak, while it is also a potential source of instability [6]. Major instabilities
can lead to a rapid uncontrolled loss of plasma confinement, which is a key process
in this thesis.

1.2 Tokamak disruptions
Arguably one of the largest threats to reliable tokamak operation are off-normal
events known as disruptions, which are induced by a sudden loss of plasma confine-
ment [7]. When this occurs, there is an ensuing heat and particle transport that
results in a rapid temperature drop, accompanied by a decrease in the electrical con-
ductivity of the plasma. The latter might strike as counter-intuitive since at lower
temperatures, such as here on Earth, the resistivity in e.g. metals usually increases
with temperature. In addition, due to the inductance of the system, the change in
plasma current — that a reduction of conductivity would entail — is counteracted by
the subsequent induction of an electric field. These effects have severe implications
that can lead to intolerable damages to the tokamak device.

Firstly, the rapid release of thermal energy at the onset of the disruption can
give rise to localized heat loads which can melt the plasma facing wall components
in the reactor. Secondly, the reduced conductivity implies that the plasma cur-
rent will eventually decrease as well. If this happens too quickly, it can induce
substantial eddy currents in the surrounding structures. On the other hand, if the
plasma current decays slowly, the loss of confinement can cause the plasma to drift
towards the wall, and the current initially conducted in the plasma to start flowing

1Transliteration of the Russian word Токамак, an acronym for тороидальная камера с
аксиальным магнитным полем, which roughly translates to “toroidal chamber with an axial
magnetic field” [5].
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1. Introduction

Outer poloidal field coils

Toroidal
field coilsMagnetic field line

Toroidal magnetic field

Poloidal magnetic field

Inner poloidal field coils

Plasma current

Figure 1.1: Schematic of the tokamak chamber and magnetic profiles. The
poloidal and toroidal field components are highlighted, as well as the corresponding
field coils. This setup yields magnetic field lines that wind around the torus in a
helix. Source: [8].

in surrounding structures, a phenomenon referred to as a halo current. In both
scenarios, the strong magnetic field permeating the device will cause forces to be
exerted on the tokamak structure, potentially damaging the device. Finally, the
induced electric field enables the existence of so called runaway electrons (REs),
traveling at relativistic velocities. These highly energetic particles, if accumulated
in sizable quantities, could potentially strike the wall with great intensity, leading
to sub-surface melting of the components. The runaway phenomenon is described
in more detail in Sec. 2.4.2.

To achieve dependable fusion energy using tokamak reactors, the mentioned ef-
fects need to be accounted for, either in the initial design of the device, or through the
application of certain disruption mitigation techniques, introduced in Sec. 2.5.2.1.
This problem is however quite complex, owing to the large number of different prop-
erties that factor in during disruption events, such as the geometry of the magnetic
field, conducting properties of the wall, and initial temperature and current density
profiles. Alternatively, the design of a viable disruption mitigation scheme can be
viewed as an optimization problem, involving a large number of degrees of freedom.
This is the topic of our thesis. The goal of the project is to construct a general
optimization framework that can be applied to simulations of tokamak disruption
scenarios, aiming to find a parameter regime in which the outcomes of the disruptions
are tolerable. Since the simulations are based on solving highly non-linear systems of
equations, implying that their behavior can be unpredictable, a black-box approach
is adopted for the optimization. Two different optimization techniques, Powell’s
method and Bayesian optimization, are used, and their performance is evaluated.

3



1. Introduction

1.3 Thesis outline
The chapters in this thesis are presented as follows; Ch. 2 gives a brief review of
relevant aspects in the physics of plasmas for understanding tokamak disruptions.
This is followed by a description, in Ch. 3, of the theoretical model used in this work
for simulating disruptions in plasmas representative of the up-coming reactor-scale
ITER2 experiment. Next, Ch. 4 describes the black-box optimization algorithms,
namely Powell’s method and Bayesian optimization, which are applied to various
disruption simulations, as presented in Ch. 5. There, objective functions are con-
structed to account for the maximum runaway current, the transported fraction of
the heat loss, as well as the current quench timescale. A range of multi-dimensional
optimizations of disruption scenarios are carried out, particularly with regards to
the injection of deuterium and neon gas. The conclusions are summarized in Ch. 6,
including a discussion on further possible improvements regarding the optimization
routines, and additional problems worth addressing with the optimization frame-
work.

2ITER is a reactor size fusion experiment with the aim to exceed breakeven, currently built in
Cadarache, France, in an international collaboration. Formerly the International Thermonuclear
Experimental Reactor (ITER), it is now officially named for its Latin meaning: “the way”.
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2
Review of plasma physics

When heating up a gas to sufficiently high temperatures, the individual atoms in
it begin to lose their bound electrons, leaving a sea of both charged and neutral
particles. The gas transitions into an ionized gas, or plasma. It is commonly referred
to as the fourth fundamental state of matter, along with the solid, liquid and gaseous
states. It has similarities to a gas but its ionization degree is sufficiently high that its
dynamics are dominated by long-range electromagnetic interactions. In fact, only a
small degree of ionization is required for it to exhibit electromagnetic properties. For
instance, the electrical conductivity of the plasma already reaches half its maximum
at a degree of 1‰ ionization [9].

Plasmas are abundant in our universe, existing across several orders of magnitude
in both temperature and pressure. The Sun and other stars are massive luminous
spheres of hot plasma confined by gravity, with their stellar winds continuously
feeding their interstellar environment by a plasma outflow. Indeed, a vast majority
of ordinary matter in the observable universe is in the plasma state [10]. Earth and
its lower atmosphere, however, is an exception due to its relatively low temperatures.
Interestingly, plasmas play an important role in e.g. electrical discharges during
thunderstorms [11] and auroras generated by disturbances in Earth’s magnetosphere
caused by the solar wind [12].

With the aim to better understand the underlying physics of tokamak disruptions,
we will in this chapter review a few core concepts within the field of plasma physics.
Sec. 2.1 gives a brief summary of its relevant characteristics, followed by a description
in Sec. 2.2 of the dynamics of charged particles in electromagnetic fields, particularly
in the context of magnetically confined plasmas. In Sec. 2.3, we introduce the
statistical framework for modeling the physics of plasmas used in this work. Next,
Sec. 2.4 describes the collisional interactions between charged particles in a plasma,
from which the phenomenon of runaway electrons emerges. Finally, in Sec. 2.5, we
present a concise description of one of the core topics in this thesis, namely the
tokamak and its outstanding issue of disruptions.
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2. Review of plasma physics

2.1 Basic properties

Formally, there is no exact definition for when a set of particles are said to have
transitioned into the plasma state [13]. While it is achieved through ionization, a
plasma can be either partially- or fully ionized, the extent of which is quantified by
the ionization degree α, defined as

α := ni

nn + ni

. (2.1)

Here ni and nn denote the number density of ions and neutrals respectively. Note
that an ionization degree of α > 1 % is often sufficient for a gas to behave like
a plasma. The ionization state during heating of a weakly ionized plasma can be
estimated using the Saha ionization equation(

ni

nn

)2
= 2.4 · 1015T

3/2

nn

e−Ui/kBT , (2.2)

which assumes that the gas is in local thermal equilibrium at temperature T [6].
The form given in Eq. (2.2) specifically considers a gas consisting of a single atomic
species with ionization energy Ui. For simplicity, from now on we make the Boltz-
mann constant kB implicit by denoting the temperature in units of energy such that
kBT −→ T .

Despite the ambiguity regarding phase transitions, there are some characteristic
plasma properties that can be used to make the concept more explicit. A plasma can
be described as a quasi-neutral gas of charged and neutral particles, which exhibit
a collective behavior [6]. The term quasi-neutral implies that, while individual free
particles may carry charge, the integrated charge density is approximately zero at
sufficiently large length scales. Furthermore, should any charge imbalance arise, a
plasma is able to maintain neutrality through a subsequent flow of particles that
screen the induced Coulomb potential. To quantify this effect, consider a scenario
where a test charge, q, is inserted into a plasma with spatially uniform electron
number density, n0, and temperature, Te, giving rise to a Coulomb potential ϕ(r).
In addition, assume that the ions remain stationary due to their comparably large
mass, while the perturbed electron density follows a Boltzmann distribution ne(r) =
n0 exp(eϕ/Te), with e denoting the elementary charge. It can then be shown that
the resulting potential is given by

ϕ(r) = q

4πε0r
e−r/λD . (2.3)

Here λD =
√
ε0Te/n0e2 is known as the Debye length and it characterizes the length

scale of the screening effect. The assumptions used to derive Eq. (2.3) require that
a large number of electrons are confined within this distance of the test charge. In
other words, it should hold that 4πn0λ

3
D/3 ≫ 1. Another property that distinguishes

a plasma is the collisionality. Collisions that occur between the charged particles
in a plasma differ fundamentally from those between particles in a neutral gas be-
cause of the long range of the Coulomb force. Neutral particles collide in a manner
reminiscent of a game of billiards, where a particle (or ball) in motion will interact

6



2. Review of plasma physics

v

b

θ

−e

Zie

Figure 2.1: Illustration of the Coulomb collision between an electron with initial
speed v and a stationary ion with charge Zie. Also shown is the impact parameter
b and scattering angle θ.

with the system through close collisions, subsequently scattering with sharp deflec-
tion angles. Charged particles traveling through a plasma will on the other hand
be repelled/attracted at larger distances, rather than colliding head-on, resulting in
a series of small-angle collisions. Such an elementary interaction is illustrated in
Fig. 2.1, where a negatively charged electron passes by a positively charged ion, and
is deflected by an angle θ from the ensuing attraction. Also shown in the figure is the
impact parameter, b, describing the perpendicular distance between the electron tra-
jectory and the center of the Coulomb potential generated by the ion. Deriving the
frequency of collisions involves integrating over this parameter, for which a lower-
and an upper cut-off are needed to avoid divergences at both ends. As an upper
cut-off, it is appropriate to use the Debye length λD, since Coulomb interactions
beyond this distance are screened. The lower limit is set to the distance of closest
approach, denoted bmin, which describes the shortest possible distance between two
colliding particles, and can be derived through kinematics. Note that both of these
quantities are dependent on the energy of the particles. In computing the integral,
one obtains a factor, ln Λ, known as the Coulomb logarithm, where Λ := ⟨λD/bmin⟩M
is the ratio between the Debye length and distance of closest approach averaged
over a Maxwellian velocity distribution. If ln Λ ≫ 1, then the distance of closest
approach is significantly smaller than the screening limit, implying that for most
interactions b ≫ bmin, which corresponds to a less direct collision. In this scenario,
small-angle collisions will therefore dominate. The Coulomb logarithm accounts for
the cumulative effect of small-angle collisions when deriving the collision frequency.
If we assume that a single collision corresponds to a change in particle momentum
equal to ∆p ∼ mv, it can be shown that the frequency of collisions for particle
species a, with particles species b, is given by

ν̂ab = nbq
2
aq

2
b ln Λ

4πε2
0m

2
av

3
th
. (2.4)

Here nb and qb denote the density and charge of particle species b, respectively, while
qa, ma and vth =

√
2Ta/ma are the respective charge, mass, and thermal velocity of

particle species a [14]. An important result from this is that, since the conductivity,
σ, in a plasma is inversely proportional to the electron-ion collision frequency ν̂ei, it
has a temperature dependence according to σ ∝ T 3/2

e .

7



2. Review of plasma physics

2.2 Electromagnetic fields

Since a plasma is composed of free charged particles, its dynamics is governed by
electromagnetic fields. Particle motion is then dictated by the Lorentz force

F L := q[E + v × B], (2.5)

where E and B denote the electric- and magnetic fields and v is the particle velocity.
The electromagnetic fields are in turn described by Maxwell’s equations

∇ · E = ρ

ε0
, (2.6a)

∇ · B = 0, (2.6b)

∇ × E = −∂B

∂t
, (2.6c)

∇ × B = µ0

(
j + ε0

∂E

∂t

)
. (2.6d)

The first term in Eq. (2.5) describes an acceleration along the electric field, while
the second term is a bit more involved. Consider a scenario where there is a uniform
magnetic field pointing in the z-direction, that is, B = (0, 0, B). Furthermore,
assume that there is no electric field, i.e. E = 0, and that a particle with charge q
and mass m is moving in this region with velocity v = (vx, vy, vz). The equations of
motion for the particle is given by

ẋ = v, v̇ = q

m
v × B. (2.7)

Expanding the different components in the acceleration v̇, one finds

v̇x = qB

m
vy, v̇y = −qB

m
vx, v̇z = 0. (2.8)

Note that there is no acceleration in the direction parallel to the magnetic field,
while the derivative is non-zero in the orthogonal xy-plane. Furthermore, taking
the time derivative of Eq. (2.8) and inserting the expressions for v̇x and v̇y, yields

v̈x = −
(
qB

m

)2
vx, v̈y = −

(
qB

m

)2
vy. (2.9)

Letting v⊥ := −B × (B × v)/B2 denote the velocity component perpendicular to
the magnetic field lines, we may write v̈⊥ = −ω2

c v⊥.
This is the equation for a harmonic oscillator with angular frequency ωc :=

|q|B/m, implying that the electron gyrates around the magnetic field lines in a
helical (circular + translational) orbit, as illustrated in Fig. 2.2. The radius of this
orbit is given by rL = v⊥/ωc. The quantities ωc and rL are known as the cyclotron
frequency and Larmor radius respectively, and they are fundamental properties for
particle motion under the influence of magnetic fields. Note that the sign of q in
Eq. (2.8) will determine the direction in which the particle is accelerated. As a result,
positively charged particles rotate clockwise with respect to the magnetic field lines,
whereas negatively charged particles rotate counterclockwise. Finally, the closed

8



2. Review of plasma physics

e−

B

Figure 2.2: Electron in a gyro-orbit around a magnetic field line.

current loop resulting from the gyro-motion generates a magnetic moment

µ := mv2
⊥

2B . (2.10)

An important property of µ is that it can be shown to be an adiabatic invari-
ant, implying that it is approximately constant when the magnetic field has a slow
spatio-temporal variation (compared to ωc and rL scales) [9]. The circular orbit
entails greater complexity for particle trajectories. When studying more large scale
phenomena it is therefore common to use approximations in the form of drift-kinetic
theory. The model assumes that rL/LB ≪ 1 and ωB/ωc ≪ 1, where LB and ω−1

B are
the respective characteristic length- and time scales for the magnetic field. Using
perturbation theory, the perpendicular velocity of a particle can then be approxi-
mated as

v⊥(x, t) ≈ vD(x) + vL(x, t). (2.11)

Here, vL describes gyro-motion around the magnetic field lines, while vD represents
some drift velocity that varies on a larger time- and length scale. There are several
mechanisms that can induce particle drifts, two of which have great significance in
magnetic confinement fusion.

To begin with, if the magnetic field is spatially varying (as it must be to confine
particles in a finite volume), the forces acting on a particle during a single gyration
do not cancel out, resulting in a net velocity. Based on Eq. (2.11), it can be shown
that the arising drift, v∇B, is given by

v∇B := µ

q

B × ∇B

B2 , (2.12)

where B(x) := |B(x)| is the magnitude of the magnetic field. It should be pointed
out that v∇B will have opposite directions for positively- and negatively charged
particles. Furthermore, an electric field would similarly accelerate and decelerate
the particles along the gyration, yielding a drift velocity, vE×B, described by

vE×B := E × B

B2 . (2.13)

Unlike Eq. (2.12), this drift is independent of particle charge (this is the velocity of
the unique frame in which the electric field Lorentz transforms to zero).

9



2. Review of plasma physics

2.3 Theoretical models
Consider a plasma consisting of N particles. One possible approach to modeling
this plasma would be to simply employ the equations of motion for each particle

ẋi = vi, v̇i = qi

mi

(E + vi × B), (2.14)

alongside Maxwell’s equations for the electromagnetic field as given in Eq. (2.6).
This however results in a set of 6N + 8 coupled integro-differential equations, which
quickly becomes numerically unfeasible to solve for systems of many particles. The
complexity necessitates the introduction of reduced models. In the field of plasma
physics these models are typically divided into two categories: kinetic theories and
fluid theories. In this section we provide a brief overview of the fundamental equa-
tions and assumptions that are inherent to kinetic theory and fluid theory. For a
complete derivation of the models the reader is referred to Ref. [9].

2.3.1 Kinetic theory
Let zi = (xi,vi) denote the phase space coordinates of particle i. A system of N
particles can then be fully defined by its N -particle distribution function

fN(z, z1, . . . ,zN , t) :=
N∏

i=1
δ(z − zi(t)). (2.15)

Taking the time derivative of Eq. (2.15) one obtains the Liouville equation:

dfN

dt
:= ∂fN

∂t
+ v · ∂fN

∂x
+ a · ∂fN

∂v
= 0, (2.16)

where a = ∂v/∂t . The equation implies that the distribution function remains
constant along the phase space trajectories of the system.

While Eq. (2.16) may be a compact way of expressing the equations of motion,
the degrees of freedom have not yet been reduced. To lower the dimensionality of
the distribution function one can use the Bogoliubov–Born–Green–Kirkwood–Yvon
(BBGKY) hierarchy which formulates a relation between the n-particle and n + 1-
particle distribution functions, together with cluster expansion [9]. There are two
underlying assumptions for this step: first the BBGKY hierarchy requires a closure
assumption regarding fn+1, and secondly, it is assumed during the cluster expansion
that the particles are fully uncorrelated. Defining a renormalised one-particle dis-
tribution function f(x,v, t) := Nf1(x,v, t), one obtains a reduced kinetic equation
from Eq. (2.16), known as the Vlasov equation. It assumes that the distribution
function is constant along a given phase space trajectory, and it does not consider
effects such as collisions between particles (two-particle correlations). This can be
taken into account via the introduction of a collision operator, C{f}, yielding

∂f

∂t
+ v · ∂f

∂x
+ a · ∂f

∂v
= C{f}, (2.17)

which is called the Boltzmann equation. The exact form of the collision operator may

10



2. Review of plasma physics

vary in several ways, for example if relativistic effects are included or only certain
particle species are considered. It is however always constrained by fundamental
conservation laws.

According to the H-theorem, the entropy of the system, S := −kB

∫
dv3f ln(f),

must follow
dS
dt ≥ 0. (2.18)

If one assumes an equilibrium state where dS/dt = 0, one can derive a solution to
Eq. (2.17) called the Maxwell-Boltzmann distribution:

fM(x,v, t) := n(x, t)
(

m

2πT (x, t)

)3/2

exp
(

−m(v − u(x, t))2

2T (x, t)

)
. (2.19)

Here n(x, t) :=
∫

dv3f is the particle density and u(x, t) :=
∫

dv3 fv/n is the mean
velocity. These two properties are sometimes referred to as fluid quantities, a concept
that allows us to reduce the complexity further, through what is known as fluid
theory.

2.3.2 Fluid theory
In the previous section we were able to decrease the number of degrees of freedom
considerably using kinetic theory. It is however possible to go even further and turn
the 7-dimensional description into a 4-dimensional one (i.e. moving from {x,v, t}
to {x, t}), by averaging over the velocity space. Such reduction of models is called
fluid theory, and the associated quantities are derived by taking the fluid moment
of the distribution function, defined as

∥Y ∥ :=
∫

d3v f(x,v, t)Y. (2.20)

We have already seen examples of such moments in the form of particle density and
mean velocity, corresponding to Y = 1 and Y = v/n. A more comprehensive list
of relevant fluid moments is given in Tab. 2.1. Note that the quantities depend on
different powers of the velocity. They are therefore categorized into different orders,
such that for example n is of the 0th order while u is of the 1st order.

In fluid theory, the governing equations can be derived by taking the moment
of the kinetic equations presented in Sec. 2.3.1. It can for example be shown that
taking the Y = 1 moment of the Boltzmann equation in Eq. (2.17) yields

∂n

∂t
+ ∇ · (nu) = 0. (2.21)

This is known as the continuity equation and it describes conservation of particles.
Furthermore, taking higher order moments one obtains the momentum density equa-
tion (Y = mv) and the energy density equation (Y = mv2/2) given, respectively,
by

∂

∂t
(mnu) + ∇ · (mnuu) = −∇ · P + nq(E + u × B) +

∫
d3v C{f}v, (2.22)

11
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∂w

∂t
+ ∇ · Q = qnu · E +

∫
d3v C{f}mv

2

2 . (2.23)

For later use it should be noted that the motion of charged particles can be expressed
as a current density j = qnu, while the energy flux density can, under certain
conditions, be written in an advection-diffusion form Q = −Aw + D∇w, where A
is the advection vector and D is the diffusion tensor.

A crucial observation is the fact that each new equation contains an unknown
fluid quantity of higher order. For example Eq. (2.21) depends on both the density
n and mean velocity u, while Eq. (2.22) also depends on the pressure tensor P and
Eq. (2.23) in turn introduces the energy flux density Q. This trend continues for
higher order moments as well and it is therefore not possible to solve the system
of equations based on the moments alone. An additional assumption is required in
order to close the system. This is known as fluid closure.

There are many different closure strategies that range from simple constraints,
such as the temperature being constant, to more complex models. In this work the
closure is done by prescribing the particle and heat transport represented by the
∇ · (nu) term in Eq. (2.21) and the ∇ · Q term in Eq. (2.23) respectively. A more
exact description of how this is done is given in Sec. 3.2 and 3.3.

Table 2.1: List of relevant fluid moments, with the central velocity ṽ := v − u.

Fluid quantity Definition
Particle density n := ∥1∥
Mean velocity u := ∥v∥/n

Pressure tensor P := m∥ṽṽ∥
Energy density w := m∥v2∥/2

Energy flux density Q := m∥v2v∥/2

Furthermore, there is an additional reduction often used when studying evolution
of conducting fluids and plasmas, called magnetohydrodynamics (MHD) [15]. It
follows the fluid approach by combining the equations of motion for a given moment
of each fluid species into a single one. In this description of a plasma, center of mass
quantities are instead considered, as well as their coupling to the electromagnetic
fields. The characteristic velocity appearing in dynamic solutions of the MHD system
is the Alfvén speed. In order to meaningfully talk about magnetic confinement, it
is clear that the plasma cannot evolve on such time scales, and as such it should be
in a stable MHD equilibrium, given by the force balance

∇P = j × B, (2.24)

together with Eq. (2.6b) and Ampère’s law (2.6d) (neglecting the time derivative of
the electric field). In Eq. (2.24), P is the isotropic pressure of the combined fluid.
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2.4 Collisions
As previously mentioned in Sec. 2.1, in a plasma with a large Coulomb logarithm, the
dominant type of collisions are small-angle collisions. In such a collision the velocity
vector of an incoming particle is deflected only by a small amount, implying that
the velocity changes gradually over time. Particles follow a more smooth trajectory
compared to an ordinary gas, in which particles are colliding elastically with each
other making them change direction very rapidly. Using the assumption that ln Λ ≫
1 makes it possible to model collisions in a plasma with the so-called Fokker-Planck
collision operator. In the following section we consider the non-relativistic Fokker-
Planck collision operator in order to understand the underlying physics regarding
the runaway phenomenon.

2.4.1 The Fokker-Planck collision operator
With the right-hand side set to zero, Eq. (2.17) would describe a flow of f in phase
space such that the number of particles is conserved in any infinitesimal phase space
volume advected with this flow. Collisions, described by the right-hand side of
Eq. (2.17), can however scatter particles in and out of such volumes, while still
conserving the number of particles globally.

Consider a particle in one dimension that is described by a distribution function
f(v, t). Note that collisions change the momentum of particles but not their location,
which is why the explicit spatial dependence is omitted from f . Let F (v,∆v) denote
the probability that a particle will change its velocity v by ∆v during a short time
∆t due to collisions. The distribution function will evolve during this time as

f(v, t+ ∆t) =
∫

d∆v f(v − ∆v, t)F (v − ∆v,∆v). (2.25)

In this expression the integrand can be interpreted as the probability density of
particles with an initial velocity v − ∆v attaining a velocity v during this time.
Integrating over all such changes in velocity will therefore yield the total density of
particles with velocity v at the later time t+ ∆t.

The assumption that collisions only cause small changes in the particle’s velocity
implies that the probability F (v,∆v) peaks around ∆v = 0. Expanding F to second
order in ∆v will lead to the Fokker-Planck collision operator in one dimension.
Including all three directions in velocity space, over which we count the indices i, j,
the collision operator takes the following form

C{f} =
(
∂f

∂t

)
c

=
∑
i,j

∂

∂vi

[
− ⟨∆vi⟩

∆t f + ∂

∂vj

(
⟨∆vi∆vj⟩

2∆t f

)]
, (2.26)

which includes both first and second ∆v-moments of the transition probability distri-
bution F . The operator consists of contributions of two different kinds of terms: the
advective terms that include first order derivatives, describing a dynamical frictional
force, and the terms for diffusion in velocity space with second order derivatives. The
latter is defined in terms of a tensor, ⟨∆vi∆vj⟩ /2∆t, reflecting the fact that diffusion
is not necessarily isotropic.
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Generally, any plasma consists of electrons and ions of various isotopes and charge
states. Each distribution function fa of species a is affected by collisions with all
other species b (and with a itself) in an additive way, i.e. Ca{fa} = ∑

b Cab{fa, fb}.
Thus, every contribution from all species b to the total collision operator Ca{fa} of
species a need to be accounted for. In our context, a very important contribution is
that of electron-electron collisions, which we write as Cee{fe, fe}. It is common to
consider the electron distribution to be dominated by a thermal bulk of electrons, a
fact that can be used to simplify this collision operator. The electron distribution
function is separated into a Maxwellian f0 and a small non-Maxwellian perturbation
f1 = fe−f0, which is assumed to contain a much smaller number of particles than the
thermal bulk. The collision operator is bilinear [14], and can therefore be expanded
into

Cee{fe, fe} = Cee{f0, f0} + Cee{f0, f1} + Cee{f1, f0} + Cee{f1, f1}. (2.27)

The contribution of collisions between two Maxwellians with the same temperature
and mean velocity is zero, and thus the first term in Eq. (2.27) vanishes. Since
the non-Maxwellian population is assumed to be small, the contribution from self-
collisions in f1 is negligible.

Out of the two remaining terms in Eq. (2.27), Cee{f0, f1} and Cee{f1, f0}, let
us consider the latter, which is often called the test particle term. It accounts
for the effects on the non-Maxwellian electrons from collisions with the much larger
thermal population. The thermal electrons are described by the Maxwell-Boltzmann
distribution in Eq. (2.19), taken to have a zero mean flow u = 0. Therefore, f0 is
isotropic in momentum space, i.e. f0(v) = f0(v), where v = |v| is the magnitude of
the velocity (not to be confused with the one-dimensional velocity v in Eq. (2.25)).
As shown in Ref. [14], the test particle term of the non-relativistic Fokker-Planck
collision operator is given by

Cee{f1, f0} = νee
D L {f1} + 1

v2
∂

∂v

[
v3
(

1
2ν

ee
s f1 + 1

2ν
ee
∥ v

∂f1

∂v

)]
, (2.28)

The slowing-down frequency νee
s describes a dynamical friction due to collisions

Fdrag ∼ mev∥ν
ee
s , and the parallel velocity diffusion frequency νee

∥ suppresses any
sharp gradients in the energy distribution of the non-Maxwellian electrons. The
Lorentz—or pitch angle scattering—operator L is proportional to the angular part
of the Laplacian ∇2 and describes diffusion on a sphere on constant v in momentum
space. Therefore, the deflection frequency νee

D acts to isotropize in f1. A similar
dynamic is also present in collisions between electrons and the much more massive
ions (thus assumed to be stationary), for which Cei{f1, fi} = ν̂eiL {f1} with the
thermal collision frequency ν̂ei, given in Eq. (2.4), for electron-ion collision. All
combined, these collisional effects drive the distribution f towards thermodynamical
equilibrium, i.e. a Maxwellian.

By defining the so-called Chandrasekhar function as follows

G (x) := erf(x) − x erf ′(x)
2x2 , (2.29)
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Figure 2.3: Illustration of the average friction force experienced by an electron
moving in a plasma, as a function of its velocity. For electrons with v < vc, the ac-
celerating electric field E∥ is counteracted by friction, while particles in the runaway
region v > vc are accelerated towards relativistic speeds. For E∥ > 0.21ED, where
ED is the Dreicer field, all electrons become runaways.

where erf(x) denotes the error function1, the collision frequencies in Eq. (2.28) are
given by

νee
D (v) := ⟨(∆v⊥/v)2⟩ee

2∆t = ν̂ee
erf(x) − G (x)

x3 , (2.30a)

νee
s (v) := −

〈
∆v∥/v

〉ee

∆t = 4ν̂ee
G (x)
x

, (2.30b)

νee
∥ (v) :=

〈
(∆v∥/v)2

〉ee

∆t = 2ν̂ee
G (x)
x2 . (2.30c)

where x := v/vth, ν̂ee is the thermal collision frequency between two electron popu-
lations [14]. With this expression for the slowing-down frequency νee

s in Eq. (2.30b),
it follows that the dynamical friction is proportional to the Chandrasekhar function.

2.4.2 The runaway phenomenon
A particle moving through an ordinary fluid experiences a drag force that mono-
tonically increases with its velocity, which is explained by the simple fact that it
will come in contact with other particles at a higher rate when moving at a higher
velocity, increasing the dynamical friction. Take for instance a falling object in a

1The error function is defined as erf(x) := 2√
π

∫ x

0 ds e−s2 .
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constant gravitational field; it will accelerate until the net force acting on it is zero,
i.e. when the drag force becomes equal to the accelerating gravitational force, and
then reach its maximal velocity.

The same is also true in plasmas for charged particles at low velocities, where
the relative velocities between any two colliding particles is comparable to the ther-
mal velocity. However, the dynamical friction decreases at superthermal velocities
since Fdrag ∝ G (v/vth), as we saw in Sec. 2.4.1. Fig. 2.3 shows this force as a func-
tion of the particle velocity, from which this property is apparent; as x → ∞, the
Chandrasekhar function G (x) → 1/2x2 asymptotically. Therefore, in the presence
of an accelerating electric field E∥, once the particle reaches a certain critical speed
vc > vth, which is marked in Fig. 2.3, the force will not be able to counteract this
acceleration and the particle runs away to extremely high energies. This is called the
runaway phenomenon, and electrons with velocities v > vc is referred to as runaway
electrons (REs). The first detailed account of this phenomenon was given by Dreicer
[16, 17].

If the electric field is sufficiently strong for ordinary thermal electrons to become
runaways, then the assumption that the non-Maxwellian part of the electron distri-
bution is a small perturbation from the Maxwellian bulk population breaks down.
Roughly, this occurs when the electric field becomes a sizable fraction of the so-called
Dreicer field ED, which is defined by

ED := nee
3 ln Λ

4πε2
0Te

. (2.31)

More specifically, it can be shown that all electrons will immediately become run-
aways for approximately E∥ > 0.21ED.

With the non-relativistic Fokker-Planck collision operator introduced in Sec. 2.4.1,
the dynamical friction force approaches zero for particles with increasing velocities
v > vth. However, according to the special theory of relativity, the speed of light c is
the upper limit for particles to travel at and one would thus expect that the friction
does not drop all the way down to zero at such large energies. A relativistic treat-
ment of runaways in the high energy limit shows that the friction force approaches
the accelerating force corresponding to a critical electric field Ec, given by

Ec := Te

mec2ED (2.32)

assuming a fully ionized plasma [18]. For an electric field Ec < E < 0.21ED, only a
fraction of all electrons will become runaways.

This theoretically predicted threshold for the accelerating electric field in Eq. (2.32)
sometimes differs significantly from the measured “effective” critical electric field Eeff

c
in various experimental setups [19]. The difference can be accredited to effects which
enhance the drag force force experienced by the electrons, namely those of collisions
with partially ionized atoms as well as synchotron and bremsstrahlung losses [20–22].

Runaway generation mechanisms are usually divided into two categories: those
which do not require an initial seed of runaways, called primary generation, and those
which do, called secondary generation. The former includes the so-called Dreicer
mechanism, which is a process of diffusive leaking of particles into the runaway

16



2. Review of plasma physics

3
H

3
He

ν̄e

e
−

(a) Tritium β-decay

e
−

γ

(b) Compton scattering

Figure 2.4: Relevant subatomic processes for RE seed generation during nuclear
operations in reactor-scale tokamaks.

region. Recalling that collisions are driving the electron distribution towards thermal
equilibrium, as mentioned in Sec. 2.4.1, thermal electrons will fill in the “gap” the
REs leave behind and thus turn into runaways as well. The Dreicer mechanism is
usually a major source of runaways in present day machines [23]. However, it is
expected to play a relatively small role in ITER and even negligible when compared
to other runaway generation mechanisms [24–26].

Another primary generation mechanism is the hot-tail mechanism, which occurs
when a plasma is rapidly cooled down [27]. Since particles at high speeds are less
affected by collisions than slower ones, they take more time to cool down and will
therefore form a “tail” of superthermal (or “hot”) particles in the distribution func-
tion. Recalling from Sec. 2.1 that the conductivity of the plasma follows σ ∝ T 3/2,
a drop in temperature implies an increase in plasma resistivity, which in turn yields
a temporary increase in the electric field before the electrons are able to respond.
If the increase in E∥ occurs over a sufficiently short time before the tail is able to
lose its energy via collisions, the particles may be turned into runaways, given they
move at speeds above the new decreased critical speed vc. The hot-tail generation
is thus strongly dependent on the rate of the temperature drop [28–30].

During nuclear operations, two seed generation mechanisms relevant for ITER
are those of tritium β-decay and Compton scattering of electrons with photons from
the neutron-activated wall, as illustrated in Fig. 2.4. When the plasma contains
tritium, which has a half-life of τT = 4500 ± 8 days, electrons are produced as it
decays into helium-3 via the decay process

3H β−
−−−→ 3He + e− + ν̄e (18.6 keV), (2.33)

where ν̄e denotes an electron antineutrino. If a sufficient amount of the freed energy
is released via the emitted β-electron, it turns into a runaway. Furthermore, the
generation of runaways due to Compton scattering is caused by γ-rays emitted from
the radioactive wall components facing the plasma, being activated by the barrage
of neutrons released in the DT fusion reactions. These photons can interact with
electrons in the plasma and scatter them over the runaway threshold.
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Figure 2.5: Illustration of a highly energetic RE, colliding with a much slower
thermal electron such that both end up as REs, effectively multiplying its contri-
bution to the RE density by a factor of two. The runaway region in the electron
distribution is where the speed of an electron v > vc.

The seed of runaways produced from these four mechanisms can subsequently be
multiplied through knock-on collisions via the avalanche mechanism, as illustrated
in Fig. 2.5. Such large-angle collisions are explicitly neglected in Fokker-Planck
theory, briefly discussed in Eq. (2.26), which is derived under the assumption that
the momentum transfer in each collision is small. When a highly energetic RE
collides with a thermal electron it is possible for it to transfer a significant fraction
of its energy, such that both it and the target electron become runaways. Even if
it is slowed down to a speed just above vc, the electric field quickly accelerates it
back towards relativistic energies. The rate of which knock-on collisions occur is
proportional to the amount of runaways already present in the plasma, resulting in
an exponential growth of the highly energetic electrons [31]. Avalanche generation
is expected to be responsible for the vast majority of runaways in ITER [24, 25].

2.5 The tokamak

So far the topics of discussion have been more or less general concepts within plasma
physics. In this section we apply the theory and equations that have been introduced,
in order to give a more detailed description of tokamak reactors. First, in Sec. 2.5.1,
an overview of the tokamak design is provided. Section 2.5.2 then goes on to explain
the different interactions that take place during a disruption event.
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2.5.1 Fields and particle motion

Since charged particle trajectories follow magnetic field lines, the latter can be used
to confine a plasma within an enclosed volume. In a tokamak, this is achieved
by bending the field lines into the shape of a torus, using external magnetic coils.
The resulting field is toroidally symmetric and can therefore be described by the
Grad-Shafranov equation [32, 33]. In this description, the magnetic field lines follow
surfaces of constant poloidal magnetic flux, ψ, which also corresponds to surfaces of
constant magnetic pressure P (introduced in Eq. (2.24)). Furthermore, we assume
that the gyro-radius of all species are smaller than the length scales of interest, such
that rL ≪ LB, implying that particles follow the magnetic field lines very closely.
As such, a particle’s position will be uniquely determined by the poloidal flux ψ,
poloidal angle θ, and toroidal angle φ. A more comprehensive description of this
geometry can be found in appendix A.

Using a purely toroidal magnetic field would however not be sufficient for mag-
netic confinement. The magnetic field is necessarily non-uniform, as it needs to be
curved to fit in a finite volume, and its divergence-free nature implies then a spatial
variation of the field strength. Consequently, there is a gradient pointing towards
the axis of rotational symmetry, entailing a particle drift described by Eq. (2.12), in
which ions and electrons will be displaced vertically in opposite directions. Further-
more, the resulting charge separation gives rise to an electric field, which introduces
an additional drift mechanism according to Eq. (2.13), causing the particles to be
transported radially outward from the center of the tokamak. In order to counteract
these effects, the magnetic field lines are therefore twisted poloidally, such that they
follow helical paths. The poloidal motion causes the ∇B effect to be averaged out,
since the drift will be directed both towards- and away from the center of the plasma
during a single revolution. In order to induce the poloidal magnetic field, a large
current on the order of ∼ 15 MA in ITER, as indicated in Fig. 1.1, is conducted
through the plasma. It is in turn generated by passing a current, that is linearly
varying in time, through a central solenoid, driving a current in the plasma playing
the role of the secondary loop of a transformer. As long as the electron distribution
is close to a Maxwellian, the current density follows Ohm’s law, given by

jΩ = σE, (2.34)

where jΩ denotes the Ohmic current density.
An important observation is that while particle motion is tied to surfaces of

constant poloidal flux, the field strength along magnetic field lines varies, decreasing
at greater distances from the center of the tokamak. This quality gives rise to the
magnetic mirror effect. Consider the kinetic energy, Wkin, of a particle moving
along the twisted field lines with a parallel velocity v∥. From the expression for the
magnetic moment in Eq. (2.10), we may write this as

Wkin =
mv2

∥

2 + µB, (2.35)

where energy conservation requires that Wkin = const. In addition, the adiabatic
invariance of the magnetic moment similarly implies that µ = const. Consequently,
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as the magnetic field strength increases, the parallel velocity must decrease. Assume
that the lowest field strength along a particle’s trajectory is given by B0, and denote
the velocity at this point v2

0 = v2
∥,0 + v2

⊥,0. If the maximum field strength along the
orbit is Bmax, then from Eq. (2.35) it can be shown that the parallel velocity will be
fully depleted if v2

0B0 = v2
⊥,0Bmax. As such, for all particles with a velocity on the

low field side of the flux surface satisfying

v2
⊥,0

v2
∥,0 + v2

⊥,0
≥ B0

Bmax
, (2.36)

the parallel velocity v2
∥ will change sign during the orbit, causing the particle to

bounce back in what is called a trapped orbit. Since these particles will keep bouncing
back and forth, they are ”trapped” in the sense that they do not experience a
net acceleration from any electric field parallel to the magnetic field lines, because
the overall effect will cancel out over one bounce period. This holds under the
assumption that the time scale of the acceleration caused by the electric field is
significantly longer than that of the trapped orbit.

2.5.2 Disruptions
As described in Sec. 1.2, one of the largest obstacles for the tokamak concept con-
cerns sudden loss of plasma confinement, which can lead to excessive heat loads
on the plasma facing wall components and the generation of REs. The temporary
loss of energy confinement is related to MHD instabilities and often emerge from
excessive pressure gradients or current densities [34]. These critical conditions can
for example be the result of a sudden influx of impurities, such as material being
exfoliated from the wall (or injected purposefully). In these events, the flux sur-
faces are broken up, giving rise to intermediate structures in the form of magnetic
islands, before eventually reconnecting in a chaotic manner. The process results
in rapid particle- and heat transport that causes the plasma temperature to drop
substantially. Furthermore, while the transport is less prominent at lower tempera-
tures, if the temperature becomes sufficiently low, any impurities (as well as the fuel
in some scenarios) may recombine and create an additional heat loss channel in the
form of line radiation. The temperature dependence of radiated power for different
neutrals and ion species is non-monotonic, but does in general exhibit a significant
increase as the temperature decreases to the ∼ 100 eV range. The positive feedback
loop from this can lead to a radiative collapse, in which the remaining heat is very
rapidly exhausted even further, yielding a temperature in the order of ∼ 10 eV. The
described phenomenon is often referred to as the thermal quench (TQ), and the heat
that is transported during this phase poses a major issue for the wall integrity on
its own.

In addition to potential heat losses, during the TQ there are mechanisms that
complicate things even further. As was noted in Sec. 2.1, the conductivity of the
plasma is proportional to the temperature as σ ∝ T 3/2. The sudden temperature
drop across three orders of magnitude is therefore accompanied by an even greater
drop in conductivity. Considering Eq. (2.34), one could expect that the Ohmic
current would decrease during the TQ as a result. However, the tokamak plasma
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is an inductive system and any change in the plasma current is therefore counter-
acted through the subsequent generation of an electric field. The process can be
inferred from Maxwell’s equations. Specifically, consider taking the time derivative
of Eq. (2.6d). Using Eq. (2.6c), the left-hand side yields

∇ × ∂B

∂t
= −∇ × (∇ × E) = ∇2E. (2.37)

For the last equality we used the vector calculus identity ∇2E = ∇(∇ · E) −
∇ × (∇ × E), under the assumption that quasi-neutrality makes it such that, for
the concerned length scales, ∇ · E = 0. Additionally we assume that the time
scale of this interaction is significantly longer than that of electromagnetic waves,
justifying the displacement current to be neglected. Including the right-hand side
of the equation we then obtain

∇2E = µ0
∂j

∂t
. (2.38)

As a result, an electric field is induced that acts to preserve the magnitude of the
Ohmic current during the TQ. Eventually the electric field will dissipate, along with
the Ohmic current, throughout what is known as the current quench (CQ). The
time scale of this dissipation is rather significant from a stability perspective, owing
to the possibility of eddy and halo currents which can lead to magnetic forces being
exerted on the tokamak device. It is therefore useful to define the current quench
time, τCQ, according to

τCQ :=
t(IΩ = 0.2I(t=0)

p ) − t(IΩ = 0.8I(t=0)
p )

0.6 , (2.39)

where IΩ denotes the Ohmic current and I(t=0)
p is the total plasma current at the

start of the disruption.
Finally, the induced electric field can accelerate electrons to relativistic velocities

through the phenomenon described in Sec. 2.4.2, converting part of the Ohmic cur-
rent into runaways. During the TQ and in the beginning of the CQ, it is therefore
common that a seed of REs is produced by the primary runaway generation mech-
anisms, and the resulting current is then amplified on the account of the avalanche
mechanism. Since the drag force experienced by the REs is very small, the runaway
current will linger after the CQ, slowly decaying during what is known as the run-
away plateau. The rate of the decay is determined by the effective critical field, Eeff

c ,
and the magnitude of the RE current [35].

Figure 2.6 shows the electron temperature Te, induced electric field E∥, as well
as the Ohmic-, RE- and total plasma current IΩ, Ire and Ip respectively, during
the described phases of a disruption. It can be seen that IΩ even increases slightly
during the TQ2, and then diminishes completely during the CQ. At the same time
the induced field, E∥, gives rise to a growing runaway current, that eventually starts
to decay very slowly during the runaway plateau.

2This so called ”Ip spike” is outside of the scope of this thesis, but it can be modeled in Dream;
the interested reader is referred to Ref. [37]
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Figure 2.6: Illustration of the electric field and temperature (left), as well as the
different plasma currents (right) during a disruption. During the TQ, the current
density is radially redistributed leading to a temporary increase in IΩ. IΩ later
dissipates during the CQ, and in part being converted into a runaway current that
lingers afterwards in the runaway plateau. Source: [36].

As previously stated, a disruption scenario introduces issues related to heat trans-
port, CQ time, and runaway currents. A definition of τCQ was given in Eq. (2.39),
but in order to make the other properties more explicit we define

Imax
RE := max

t
IRE(t) (2.40)

ηcond := Wcond

W
(t=0)
th

. (2.41)

Eq. (2.40) simply defines the maximal runaway current, Imax
RE , achieved during the

disruption. In Eq. (2.41), ηcond represents the transported fraction of the initial
thermal energy, with Wcond denoting the amount of heat that has been transported
out through the plasma edge and W

(t=0)
th being the thermal energy of the electron

population at t = 0. For a disruption scenario to be tolerable in an ITER-like
tokamak, these quantities must be limited such that [38, 7]:

Imax
RE < 150 kA, ηcond < 10 %, 50 ms < τCQ < 150 ms. (2.42)

Finally, an additional constraint that is used in this work regards the Ohmic cur-
rent. If the final Ohmic current, Ifinal

Ω , towards the end of the disruption is sufficiently
large, it can lead to issues related to the mentioned halo current and runaway con-
version. Since a complete termination of tokamak operation is desired in the event
of a disruption, Ifinal

Ω should preferably be negligible.
To satisfy the given conditions, most disruptions cannot be left unmitigated. For

this purpose, mitigation techniques are employed in an attempt to moderate the
mechanical and thermal stress exerted on the device. These methods are however
still in development and it remains unclear whether it will be possible to adequately
suppress disruption events in reactor-scale tokamaks. Next section will provide a
brief overview of the topic.
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2.5.2.1 Mitigation techniques

The most widely used mitigation technique, that also has been chosen as the primary
method for dealing with disruptions in the ITER tokamak [38], is massive material
injection (MMI). In this scheme one would inject new material into the tokamak at
the onset of a disruption. The material would then be able to radiate away much
of the thermal energy through line radiation. This is preferable since it can reduce
localised heat loads, while also affecting the overall temperature evolution which
in turn impacts the Ohmic CQ time. Finally, since the injected material quickly
ionizes, the total number of free electrons also increases. This amplifies the drag
force experienced by the electrons and as a result suppresses runaway generation.
These qualities make MMI a promising concept, as it would allow for some control
over all of the mentioned complications that occur during a disruption. With that
being said, as we will see shortly MMI is associated with its own set of difficulties.

Due to their radiative properties, and for not being chemically reactive, noble
gases such as neon are primary candidates for the injection. There are however
reasons for having other types of material as well. As the plasma cools down the
ions begin to recombine. It has been shown that bound electrons contribute less to
the drag force than free electrons due to atomic screening, while their contribution
to the avalanche growth rate is similar to that of the free electrons [23]. This implies
that the injected material could potentially increase runaway generation as well. In
order to counteract this, injection schemes can also include lighter elements, such as
hydrogen isotopes. These do not radiate energy as efficiently (as they tend to get
fully ionized) but they do not recombine in the same extent as noble gases and can
therefore be a more successful runaway generation suppressant.

Another mitigation technique is the use of external magnetic perturbations. By
inducing particle and heat transport in a controlled manner, it could be possible to
eject REs from the plasma before the avalanche mechanism can produce a substantial
runaway current, while also reducing the localized heat loads. This appears to be
viable in smaller devices as in SPARC [39]. On the other hand there is a problem
with core penetration on ITER size devices. It is feared that the REs generated in
the center of the plasma will not come into contact with the perturbed regions on
the edge, meaning they will not be transported [40]. This is especially problematic
since runaway generation tend to be more prominent near the center. The method
is therefore not as commonly used in practice as MMI.

In this chapter we have covered some of the underlying theory regarding plasmas
in general, as well as in the context of tokamak reactors. The next chapter will
instead focus on how these concepts are implemented in simulations in order to
adequately model a disruption scenario.
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3
Disruption model

In this work we employ the recently developed Disruption Runaway Electron Anal-
ysis Model (Dream) tool [41] when simulating a range of disruption mitigation
scenarios for an ITER-like plasma. It is a finite-volume fluid-kinetic framework
used to model RE dynamics during tokamak disruptions, which allows treating the
electrons at different degrees of approximation. As we need to be able to run a large
number of disruption simulations during a limited amount of time, when performing
any of the black-box optimizations described in Ch. 4, we limit our modelling to the
simplest, fluid treatment of the plasma. More specifically, this includes modelling
the thermal bulk of “cold” electrons and the small runaway population as two sepa-
rate fluid species. The former is characterized by a density ncold, a temperature Tcold
as well as an Ohmic current density jΩ and the REs are described by their density
nRE. It is assumed that the runaways move with the speed of light parallel to the
magnetic field, hence their associated current density is jRE = ecnRE.

In fluid mode, the code resolves one spatial dimension, namely a flux surface label
r as radial coordinate, defined as the half width of a flux surface in the midplane
(where z = 0 in Cartesian coordinates). Thus, the quantities evaluated by Dream
are flux surface averages. We consider a near-Maxwellian plasma in force balance
between the pressure and magnetic forces, as expressed in Eq. (2.24). It is assumed
that the trajectories of charged particles follow magnetic field lines exactly, moving
on surfaces of constant poloidal flux ψ; the radial coordinate r being a flux surface
label implies that it is held fixed along a particle orbit. Dream implements a param-
eterization of the magnetic field B, fully described by its major radius, elongation,
Shafranov shift, triangularity and a reference poloidal flux profile. In this work, we
consider an ITER-like plasma, which is described more in detail in appendix A.

This chapter outlines the system of equations used in this work to simulate various
tokamak disruption scenarios. First, the evolution of the total current density is
described in Sec. 3.1, followed by the dynamics of the background plasma in Sec. 3.2.
The latter includes the thermal electron population as well as the density n(j)

i of each
charge state j of every ion species i present within the plasma. Furthermore, as
described in Sec. 3.3, the time evolution of the REs is determined by the transport
due to magnetic perturbations and a sum of five source terms, each of which is
a model for describing the generation of runaways as the result of a few different
physical phenomena. Finally, a brief overview on how Dream self-consistently solves
this system of equations is presented in Sec. 3.4.
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3.1 Current density evolution

The evolution of the current density is calculated by evolving the poloidal flux ψ
via the equation

∂ψ

∂t
= 2π ⟨E · B⟩

⟨B · ∇φ⟩ =: −Vloop, (3.1)

which is derived from Faraday’s law of induction. Here, ⟨·⟩ denotes the flux surface
average, defined in appendix A, and φ is the toroidal angle. The loop voltage, Vloop
in Eq. (3.1), is related to jΩ trough Ohm’s law

jΩ

B
= σ

⟨E · B⟩
⟨B2⟩ , (3.2)

where σ = σ(ncold, Tcold, Zeff) denotes the parallel electric conductivity and is cal-
culated using the Sauter-Redl model, which accounts for neoclassical effects across
all collisionality regimes [42]. The effective charge number Zeff is a property of the
background plasma and is defined in Eq. (3.7).

Ampère’s law relates the total parallel current density jtot := jRE + jΩ to the
poloidal flux through

2πµ0⟨B · ∇φ⟩jtot

B
= 1
V ′

∂

∂r

[
V ′
〈

|∇r|2
R2

〉
∂ψ

∂r

]
, (3.3)

where the Jacobian V ′ = V ′(r) is the total area of any flux surface at r, defined
in appendix A. Multiplying this area with the infinitesimal distance dr, yields the
incremental volume between two surfaces at r and r + dr, respectively.

At t = 0 no runaways are present and the initial total current density profile is
prescribed as jtot(r, 0) = jΩ(r, 0) ∝ [1 − (r/a)2]0.41, with a total plasma current of
Ip = 15 MA, which sets the initial condition for Eq. (3.1). It is defined as the total
toroidal current enclosed within the plasma Ip := I(a), where

I(r) := 1
2π

∫ r

0
V ′ dr′ jtot

B
⟨B · φ⟩ , (3.4)

and a = 2 m is the minor radius of the plasma.
A boundary condition for Eq. (3.3) is obtained by assuming that the plasma is

surrounded by a perfectly conducting wall at r = b, leaving ψ(b) = 0. Here, we
set b = 2.15 m. The poloidal flux at the plasma edge is coupled to the wall via an
edge-wall mutual flux inductance Mew as ψ(a) = ψ(b) −MewItot.

3.2 Background plasma dynamics

We consider the total electron density ntot = ncold+nRE, including the larger thermal
electron density ncold and a smaller runaway population nRE ≪ ncold. At the start
of a disruption simulation it is assumed that there are no REs present inside the
plasma. Being in thermal equilibrium, equipartition of energy yields the average
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energy density wcold of the thermal population,

wcold := 3
2ncoldTcold. (3.5)

To ensure that quasi-neutrality is satisfied, ncold is evolved in time such that the
overall charge density is zero, i.e.

ncold =
∑

i

Zi∑
j=0

Z0jn
(j)
i − nRE. (3.6)

Here Zi denotes the ion atomic number and Z0j := j is the charge number. Sub-
tracted from the sum of ionic charges is the density of the runaway population, nRE,
which is evolved as described in Sec. 3.3. Having introduced the ion densities, the
effective charge number is defined as

Zeff :=
∑

i

Zi∑
j=0

Z2
0jn

(j)
i

/∑
i

Zi∑
j=0

Z0jn
(j)
i , (3.7)

which is a measure of the average charge number of all the background ions.
Each ion charge state density is evolved via ionization and recombination pro-

cesses, neglecting charge-exchange terms with neutral hydrogenic species. More
specifically, it will follow the evolution of the ions given by

∂n
(j)
i

∂t
= ncold

(
I(j−1)

i n
(j−1)
i − (I(j)

i + R(j)
i )n(j)

i + R(j+1)
i n

(j+1)
i

)
, (3.8)

where I(j)
i and R(j)

i are the corresponding ionization and recombination rates respec-
tively, both of which are dependent on temperature. The species of ions considered
within this work are those of the hydrogen isotopes, deuterium and tritium, as well
as the ∼ 10 times heavier noble gas neon. For the neon ions, the rates I(j)

i and
R(j)

i are extracted from the ADAS database [43] and similarly from the AMJUEL
database [44] for the hydrogen species. The latter accounts for the opacity to Lyman
radiation, which becomes significant at the high hydrogen densities considered here.
Prior to t = 0, the plasma fuel is assumed to consist of an even mixture of deuterium
and tritium, both of which are initially radially uniform and fully ionized. At t = 0,
a material injection of neutral deuterium and neon takes place with specified initial
radial profiles. For simplicity, we disregard the thermal energy of the ions.

There are two possible methods for evolving the temperature of the cold electrons
in fluid simulations with Dream, both of which are used in this work. The first
is to directly prescribe a radial temperature profile as a function of time. While
this provides good control over the simulation, there are certain interactions and
processes that will not be included as a result. A more complete approach is to
evolve the temperature self-consistently. Through the relation given in Eq. (3.5), the
change in temperature can be inferred from the energy density equation, presented
in Eq. (2.23), with the assumed form

∂wcold

∂t
= jΩE∥ + jREEc − ncold

∑
i

Zi∑
j=0

n
(j)
i L

(j)
i + 1

V ′
∂

∂r

[
3ncold

2 V ′DW
∂Tcold

∂r

]
. (3.9)
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The first term on the right hand side describes Ohmic heating of the system, caused
by the induced electric field, where E∥ := ⟨E · B⟩ /B is the component of the
electric field parallel to the local magnetic field. The second term represents the
heating of the cold electrons from collisions with REs, with Ec denoting the critical
electric field, defined in Eq. (2.32). The third term is a sink/source term introduced
to describe energy change resulting from atomic processes, with L

(j)
i denoting the

corresponding rate of energy loss due to ionization, recombination, line radiation
and brehmsstrahlung. As with the ionization and recombination rates, L(j)

i has a
temperature dependence and all relevant data regarding this quantity are extracted
from the ADAS and AMJUEL databases.

The fourth term in Eq. (3.9) represents a diffusive heat transport. The diffusion
coefficient, DW , needs to be prescribed, which, as mentioned in Sec. 2.3.2, serves
as a form of fluid closure. In this work we use the Rechester-Rosenbluth diffusion
model

D = πR0|v∥|
(
δB

B

)2

, (3.10)

to model both the electron heat and the runaway electron particle transport. The
equation describes radial transport caused by turbulent perturbations of the mag-
netic field [45]. Here, R0 is the major radius, δB /B is the normalized amplitude of
the magnetic perturbations, and v∥ is the velocity of the particle along the magnetic
field lines. Note that the magnetic perturbation strength can vary both in space and
time. Here, δB /B ̸= 0 only in Sec. 5.2 and 5.3, and the effect of transport of both
heat and REs is otherwise neglected. Finally, in order to compute the heat diffusion
coefficient, DW , the heat flux moment of Eq. (3.10) is taken with the distribution
function assumed to be a Maxwellian.

Since tokamak disruptions are characterized by a rapid temperature decrease,
accompanied by a rapid decrease in conductivity, it is essential that this process,
i.e. the TQ, is modeled in an appropriate manner. The initial temperature drop
is dominated by transport losses, which we cannot model fully self-consistently.
For this phase we therefore need to either prescribe the temperature altogether or
prescribe the magnetic perturbation strength. Given an initial profile, Tinit(r), and
a final profile, Tfinal(r), one possibility is to prescribe an exponential decay according
to

Tcold(r, t) = Tfinal +
[
Tinit(r) − Tfinal

]
exp(−t/t0), (3.11)

with the decay time t0 = 1 ms. The temperature profiles used here are Tinit =
T0[1 − 0.99(r/a)2], with T0 = 20 keV, and the radially uniform Tfinal = 10 eV. These
values are inspired by previous ITER studies [25]. Prescribing the evolution based
on Eq. (3.11), then switching to a self-consistent configuration after the plasma has
lost most of its thermal energy at t = 8 ms, is a viable approach to inducing a
disruption scenario in a Dream simulation. This approach works well under the
condition that there is enough injected material and the temperature is sufficiently
low at the onset of the self-consistent evolution to yield a radiative collapse, ensuring
that the temperature does not begin to increase right away.

Alternatively, it is possible to set the initial temperature Tcold(r, 0) = Tinit(r)
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Figure 3.1: Temperature evolution at the center (solid) as well as the edge
(dashed) of the plasma during a disruption simulation, where deuterium and neon
were uniformly injected at the start of the simulation with densities nD = 6·1020 m−3,
nNe = 6·1017 m−3. The temperature during the TQ is either prescribed (a), based on
Eq. (3.11), or it is evolved self-consistently (b), using Eq. (3.9) and (3.10) assuming
δB/B = 0.3 %. After the completion of the TQ (∼ 8 ms in (a) and ∼ 4 ms in (b)), a
self-consistent temperature evolution with no heat transport is used in both cases.
Note the log-log scale.

and have a self-consistent evolution of Tcold throughout the entire simulation. This
does however introduce additional constraints for the simulation parameters, if an
adequate TQ is to be achieved. The transport efficiency depends on the magnetic
perturbation strength, δB/B, provided to the diffusion coefficient in Eq. (3.10).
These perturbations are a rather complex phenomenon, the study of which is outside
the scope of this project. A simple model is therefore assumed for this quantity, in
which the perturbations are uniform in space. The values used will be based on
previous observations that the perturbations are significantly higher during the TQ,
where they in certain scenarios can exceed 1 %, than during the remainder of the
disruption [46]. As such, it is assumed that the perturbation strength is constant
during the TQ until the temperature has dropped below Tcold < 20 eV, and then
zero during the CQ phase of the simulations, meaning there is no heat transport.

The two methods for obtaining a TQ are compared in Fig. 3.1, where the tem-
perature evolution at the center and edge (r = 0 and r = a) of the plasma are shown
for a characteristic disruption simulation, in which deuterium and neon were uni-
formly injected in the beginning with densities nD = 6 · 1020 m−3, nNe = 6 · 1017 m−3.
The simulation in Fig. 3.1a used a prescribed temperature according to Eq. (3.11).
The TQ was in this case completed after ∼ 8 ms, after which the simulation is
switched to a self-consistent evolution. An analogous simulation, but with a self-
consistent temperature configuration, is shown in Fig. 3.1b. Here it was assumed
that δB/B = 0.3 % during the TQ, which finished after ∼ 4 ms.

It is interesting to note the different behavior exhibited during the self-consistent
TQ in panel b, which can be tied to the different processes presented in Eq. (3.9). Ini-
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tially, there is a very rapid (∼ 0.1 µs) temperature drop resulting from the ionization
of the injected deuterium and neon. After the material has been fully ionized, the
dominating process for the temperature evolution is the diffusive transport, which
occurs on a much longer time scale. As previously stated, the transport was turned
off at ∼ 4 ms, and the subsequent decrease in plasma temperature at the edge of
the plasma compared to the center is likely a result of the Ohmic heating power
being stronger in the core. The same is true at the conclusion of the prescribed
temperature evolution in panel a.

In addition to offering a more complete physical description of the temperature
evolution, the self-consistent approach also allows for direct computation of certain
quantities of interest. One example that is especially relevant in the context of
disruptions is the amount of energy that is transported out of the plasma, Wcond.
Assuming that all heat transported across the last closed flux surface (r = a) is lost
to the tokamak wall, it is given by

Wcond :=
∫

dt
(

3ncold

2 V ′DW
∂Tcold

∂r

) ∣∣∣∣∣
r=a

. (3.12)

This will be utilized later in Ch. 5, when quantifying the performance of disruption
simulations through Eq. (2.41).

3.3 Runaway electron generation
The time evolution of REs is determined by radial transport due to magnetic per-
turbations, as well as a number of runaway generation sources that feed particles
directly into the runaway population. The flux surface averaged RE density is
evolved according to

∂nRE

∂t
=
(
∂nRE

∂t

)Dreicer

+
(
∂nRE

∂t

)hot-tail

+
(
∂nRE

∂t

)tritium

+
(
∂nRE

∂t

)Compton

+ ΓavanRE + 1
V ′

∂

∂r

[
V ′DRE

∂nRE

∂r

]
. (3.13)

The Dreicer mechanism is accounted for in the term (∂nRE/∂t)Dreicer, which is cal-
culated by a neural network trained on data from kinetic simulations over a range
of plasma parameters and impurity concentrations [47].

For the second term in Eq. (3.13), Dream implements a fluid model for hot-tail
generation based on Ref. [48]. Assuming a high effective charge Zeff , the hot-tail
runaway rate (∂nRE/∂t)hot−tail is given by(

∂nRE

∂t

)hot-tail

= −4πp2
c
∂pc

∂t
f0(r, pc). (3.14)

Here, the isotropic electron distribution function f0 is based on the non-relativistic
slowing-down distribution derived in Ref. [49], with the initial condition of being a
Maxwellian distribution with a density ncold(r) and temperature Tcold(r) at t = 0.
The critical momentum pc is obtained by considering the angle-averaged Boltzmann
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equation (Eq. (2.17)) in the Lorentz limit of strong pitch-angle scattering. This
yields the following isotropic source term

S(p) = 1
3

(
E∥

Ec

)2 1
1 + Zeff

p3

γ

∂f0

∂p
+ γ2

p2 f0, (3.15)

where γ := (1 − v2/c2)−1/2 denotes the Lorentz factor and Ec is the critical electric
field for runaway generation, as defined in Eq. (2.32). A positive S(p′) implies a
net flow of electrons into the momentum sphere p < p′. Since f0 is monotonically
decreasing, the first source term in Eq. (3.15) is always negative and acts as an
acceleration of electrons uniformly in all directions. This term dominates for large
p. The second term is always positive and acts as a friction force that slows down
the electrons, which dominates for small p [48]. The critical momentum is defined
as pc : S(pc) = 0, i.e. the momentum that balances the two terms in Eq. (3.15) with
one another, from which pc is solved for numerically.

The third runaway generation in Eq. (3.13) is modeled as in Refs. [24, 26] and
accounts for the REs generated when tritium decays into helium-3. As mentioned in
Sec. 2.4.2, only the produced electrons with an energy higher than the critical run-
away energy, Wcrit, will contribute to the generation of runaways in (∂nRE/∂t)tritium.
This critical energy is given by Wcrit := mec

2(
√
p2

∗ + 1 − 1), in terms of the critical
momentum (normalized to mec

2) for runaway acceleration, which is obtained from
the implicit expression

p∗ =
4
√
ν̄s(p∗)ν̄D(p∗)√
E∥/Ec

. (3.16)

In this equation ν̄s and ν̄D are relativistic slowing-down and deflection collision
frequencies normalized to νc = eEc/mec, accounting for the energy dependence of
the Coulomb logarithm and the effect of partial screening in collisions with partially
ionized impurities. These are sums of the corresponding contributions from electron-
electron and electron-ion collisions, as well as an additional term in the slowing-down
frequency, which accounts for the radiation losses due to brehmsstrahlung [22]. In a
fully ionized plasma, these normalized collision frequencies ν̄s → 1 and ν̄D → 1+Zeff .

For a plasma with a tritium density of nT, the generation of runaways due to
tritium decay is thus modeled as(

∂nRE

∂t

)tritium

= ln(2)nT

τT
Fβ(Wcrit). (3.17)

Here, Fβ(Wcrit) is the fraction of electrons produced in this process with energies
above the critical runaway energy Wcrit. This fraction is determined by an integral
over the energy spectrum of the beta-electrons and can be approximated by treating
a beta-electron as a free particle, i.e. neglecting its Coulomb interaction with the
produced helium-3 nucleus, yielding the expression Fβ(Wcrit) ≈ 1 − (35/8)x3/2 +
(21/4)x5/2 − (15/8)x7/2, with x := Wcrit/Q and Q = 18.6keV being the total energy
released from the decay process and thus the maximum kinetic energy possible for
the beta-electron [26].
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The fourth growth rate (∂nRE/∂t)Compton models the Compton scattering of elec-
trons into the runaway region in momentum space, according to Ref. [24]. Given as
an integral over the photon energy εγ, it is determined by(

∂nRE

∂t

)Compton

= ntot

∫ ∞

0
dεγ Γγ(εγ)σ(εγ), (3.18)

where Γγ is the estimated photon energy spectrum and σ the total Compton scat-
tering cross section [24]. The energy of the photons are in general much larger than
the ionization energy of the ions and atoms in the plasma, which is the reason for
this growth rate being proportional to the total density of electrons ntot rather than
that of the free electrons nfree.

The fifth runaway source term accounts for the avalanche mechanism. The
avalanche growth rate is modeled as in Ref. [23], given by

Γava = e

mec ln Λc

ntot

ncold

E∥ − Eeff
c√

4ν̄s(p∗) + ν̄s(p∗)ν̄D(p∗)
, (3.19)

where Eeff
c is the effective critical electric field [22], which takes into account screening

effects and losses due to brehmsstrahlung and synchrotron radiation. In order to
obtain a well-behaved formula for when the accelerating electric field is lower than
Eeff

c , the critical momentum in Eq. (3.16) is calculated by replacing p∗(E∥) with
p∗(Eeff

c ) for E∥ < Eeff
c . This is used to approximately describe the runaway decay

for E∥ ≈ Eeff
c in the absence of losses due to magnetic perturbations.

Finally, the last term in Eq. (3.13) describes the transport of REs due to magnetic
perturbations. Whenever δB /B is non-zero, we prescribe such transport by using
the Rechester-Rosenbluth diffusion coefficient DRE, calculated using Eq. (3.10) with
the runaways moving along the field lines at the speed of light v∥ = c.

3.4 Numerical implementation

In this chapter we have introduced a number of equations used when simulating
tokamak disruptions in Dream. These need to be solved numerically, which is not a
trivial task considering that it involves the computation of several integro-differential
expressions. For this purpose, Dream uses a finite volume discretization. In this
framework, the phase space parameters are discretized into separate cells and the
equation system is expressed in terms of the cell averaged quantities, as well as
their values at the cell faces. These values make up two overlapping grids, which we
denote the flux grid and distribution grid respectively. In the fluid model used in this
work, quantities are only resolved on one-dimensional cells, corresponding to a radial
grid of size Nr. Considering some quantity X(r), the cell average values, associated
with the cell centers, are denoted Xi with integer indices i = 1, . . . , Nr. Face values
located on the flux grid are instead denoted using half integer indices i ± 1/2 =
1/2, . . . , Nr + 1/2. When required, these are evaluated through interpolation on the
distribution grid. This discretization is illustrated in Fig. 3.2.

The flux grid points are defined using a cell width, ∆ri, from which one also
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Figure 3.2: Illustration of the grid cells used when discretizing the radial coor-
dinate system. The distribution grid, denoted by integer indices, contains the cell
averaged value of the function X(r), while the flux grid, denoted by half integer
indices, is located at cell faces, where the fluxes across grid cells are evaluated.

derives the distribution grid points according to

ri+1/2 = ri−1/2 + ∆ri, (3.20)

ri = ri+1/2 + ri−1/2

2 . (3.21)

Note that the width may vary for different cells. In this scheme, a central difference
approximation is used for the spatial derivatives, while the implicit Euler method
is used for time derivatives [41]. Letting Xℓ

i denote the central value in cell i at
timestep ℓ, these can be written as(

∂X

∂r

)ℓ

i

≈
Xℓ

i+1/2 −Xℓ
i−1/2

∆ri

, (3.22)
(
∂X

∂t

)ℓ+1

i

≈ Xℓ+1
i −Xℓ

i

∆tℓ , (3.23)

where ∆tℓ is the size of timestep ℓ. Due to the fact that fluxes are computed
using the values on the flux grid, as shown in Eq. (3.22), the flux into a grid cell
is numerically equal to the flux out of the adjacent cells. This assures a machine-
precision conservation of the integrated value for X [50].

When running simulations, all of the essential relations presented in Secs. 3.1-3.3
are formulated in terms of this discretization. Considering that separate equations
are obtained for each point along the distribution grid, this results in a rather large
system of non-linear equations. Let k denote the total number of equations and
xℓ ∈ Rk be the corresponding array of unknown quantities at timestep ℓ. The
equations can then be written in the compact form

F ℓ(xℓ+1) = 0, (3.24)
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where F ℓ : Rk → Rk is a vector function that varies for each time step to account
for the implicit Euler scheme used. Eq. (3.24) is a root finding problem, which is
solved iteratively using Newton’s method [51]. The iteration scheme is given by

xℓ+1
n+1 = xℓ+1

n − J−1
F (xℓ+1

n )F ℓ(xℓ+1
n ), (3.25)

where n denotes the current iteration step (not to be confused with the phase space
index), and J−1

F is the inverse Jacobian matrix with respect of F ℓ with respect to x.
The Jacobian can be derived analytically, but a number of approximations are also
used during its construction for the sake of sparsity and simplicity [41]. Newton’s
method is assumed to have converged when

∥xn+1 − xn∥2 ≤ ϵabs
x + ϵrel

x ∥xn+1∥2, ∀x ∈ xℓ+1. (3.26)

Here ∥·∥2 is the 2-norm, while ϵabs
x and ϵrel

x denote the absolute- and relative toler-
ances for the unknown quantity x respectively. In this work, the default tolerances
were set to ϵabs

0 = 0 and ϵrel
0 = 10−2, while the RE density used the tolerances

ϵabs
nRE

= 105 m−3 and ϵrel
nRE

= 2 · 10−6. Furthermore, the radial grid was resolved with
∆r = 0.1 m, whereas the time resolution varied such that ∆t ∼ 10−10 − 10−5 s. The
latter was done to assure that the initial ionization of the injected material, as well
as the small time scale interactions during the TQ, were properly resolved.

Finally it should be noted that while Newton’s method is used to solve a set of
non-linear equations, each iteration step of Eq. (3.25) also involves solving a set of
linear equations. This is done through LU factorization, implemented by the parallel
direct solver Pardiso, which is part of Intel’s Math Kernel Library (MKL)1.

This concludes our discussion about disruption simulations, as implemented by
the Dream code. The topic of next chapter is optimization and the techniques that
we intend to apply to this framework.

1Link to the MKL library: https://www.intel.com/content/www/us/en/developer/tools/
oneapi/onemkl.html
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4
Black-box optimization

When faced with the problem of optimizing a function f : X → R+, with R+
being the positive real numbers, on the subspace P ⊆ X , there are numerous tech-
niques that one can choose from with varying degrees of efficiency and informational
gain. In this project, certain properties of a tokamak plasma disruption represent
the subject of optimization. As described in Ch. 3, the disruption is represented
by a complex numerical model described by a system of strongly nonlinear integro-
differential equations with a large number of variables. There are of course countless
ways of setting up such a simulation, but what they have in common is that they
take a vector x of parameters as input, and compute a set of relevant output quan-
tities from which the function y = f(x) is obtained. Referred to as the objective
function, f is designed to depend on these simulation output quantities such that
small values of the function correspond to more favorable outcomes, while larger val-
ues are undesirable. The two objective functions used within this work are described
in Sec. 5.1 and 5.2.

The task at hand is encapsulated by the more general minimization problem of
finding the optimum x∗, defined by

x∗ := argmin
x∈P

f(x). (4.1)

where P := {x ∈ X | ai ≤ xi ≤ bi, i = 1, . . . d} is a hyper-rectangle on which the
optimization is performed, and d is the number of input parameters considered,
i.e. the dimensionality of P . Its lower and upper bounds need to be appropriately
chosen in order for the global optimum to be contained within P .

Furthermore, the function f is assumed to be expensive to evaluate, in the sense
that there is but a limited number of simulations that are practical/feasible to
perform. In this work, this is a justified assumption as a single evaluation takes a
substantial amount of time to compute, usually ∼5 minutes, depending on the input
settings. This circumstance limits the practicality of using many of the conventional
methods of optimization, especially those relying on the ability to determine deriva-
tives of f , e.g. gradient descent (requiring gradient) and Newton’s method (requiring
both gradient and Hessian). Even though the problems considered within this the-
sis are deterministic, more general stochastic problems can be formulated with the
optimization framework1 developed during this project.

One possible recourse is to use what is sometimes referred to as a ”black-box”
approach. This means that there is no assumption made about any special structure
of the function, e.g. concavity or linearity, that would make the task of optimization

1Link to Github repository: https://github.com/peterhalldestam/exjobb.git
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4. Black-box optimization

much easier using other techniques that leverages such structures to improve the ef-
ficiency of the method [52]. This approach is well motivated by the mere complexity
of the underlying system of equations considered within this work. In this scheme
the function is viewed simply as something that takes some input and produces a
corresponding output.

In this chapter we consider two different approaches for finding the optimum
defined in Eq. (4.1), namely the Powell’s conjugate direction method and Bayesian
optimization, which are described in Sec. 4.1 and 4.2, respectively. The first ap-
proach is to search for an optimum with as few function evaluations as possible by
performing a number of one-dimensional optimization subroutines in a progression
of directions. The second is based on Bayesian statistics, where knowledge about the
objective function is gathered by exploring P globally and sequentially updating a
probability distribution of f , which is used when deciding the next input parameter
to sample.

4.1 Powell’s conjugate direction method

While optimization in multiple dimensions entails greater complexity and computa-
tional cost than a one-dimensional scenario, the fundamental procedure can be made
quite similar by dividing the process into a series of one-dimensional minimizations.
Starting at a point x = P ∈ P and given some directional vector u ∈ Rd, one can
instead express the single variable function g : R → R+ along a single line within P
as

g(λ) := f(P + λu), λ ∈ R. (4.2)

A one-dimensional optimization method can then be applied to Eq. (4.2) to find the
point, P min = P + λminu, along the specified line for which f is minimized. Given
instead a full set of basis vectors {ui}d

i=1 that span Rd, one can imagine sequencing
a number of line minimizations in different directions in such a way that the routine
eventually converges toward an optimum in Rd-space. This is the main idea behind
the so-called direction set methods. The discussion of these, and further concepts
presented in this section, follow the reasoning given in Ref. [51].

A very straightforward approach to the direction set technique would be to as-
sume a basis of orthogonal unit vectors {ei}d

i=1, and then cycle through them,
optimizing for each direction and continuously moving the starting point P →
P + λminei, until the function stops decreasing. This approach does in fact work
well for many functions, but there are exceptions. If the level surfaces of the function
happens to create narrow “corridors” at an angle with respect to the chosen basis,
then the routine will have trouble navigating the parameter space resulting in many
small steps, thus making the algorithm inefficient. This complication is illustrated
in Fig. 4.1. In general, these cumbersome surfaces are mathematically characterized
by the function having a second derivative that is greatly varying depending on the
direction.

The mentioned problem could be circumvented if appropriate directions for opti-
mization were to be found. The question is then what directions qualify as “appro-
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Figure 4.1: Illustration of six iterations with a naive direction set method and
Powell’s method in a region where the function surface creates a small “corridor”.
The starting point is denoted by a pentagon and each line minimization is rep-
resented by an arrow. It can be seen that the naive approach struggles to make
progress, while Powell’s method manages to find a new advantageous direction and
converges towards a single point denoted by a star.

priate”. One idea is to find a set of directions that do not interfere with each other,
such that minimization along one direction is not counteracted by the subsequent
minimization in another direction. These are known as conjugate directions and
their existence can be explicitly derived. Consider the function f from before at
some starting point P . Using Taylor expansion one finds that to the second order,
the function can be approximated as

f(x) ≈ f(P ) + b⊤x + 1
2x⊤Hx, (4.3)

where

bi := ∂f

∂xi

∣∣∣
P

Hij := ∂2f

∂xi∂xj

∣∣∣
P

(4.4)

are the gradient and Hessian matrix respectively. The gradient of Eq. (4.3) is then

∇f = b +Hx. (4.5)

Consider now two vectors, u and v. These are said to be conjugate if the gradient
in one direction is invariant under translation along the other. In other words, when
minimizing along u the change in gradient, δ(∇f), should be orthogonal to v. From
Eq. (4.5) one finds that δ(∇f) = Hδx = Hu, assuming a translation where δx = u.
The condition is then met if and only if

v⊤δ(∇f) = v⊤Hu = 0. (4.6)
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The previous derivation confirms that conjugate directions do exist, what remains
is to find them by generating a set of vectors that satisfy Eq. (4.6). This can be done
using Powell’s method outlined in Algorithm 1 [53]. In this schematic description
the one-dimensional optimization method is not specified, but is instead represented
by an arbitrary linemin function. The specific line minimization technique used in
this work is discussed in Sec. 4.1.2.

Algorithm 1 Powell’s method
Assume a starting point P 0 ∈ Rd and an initial basis set {ui}d

i=1 = {ei}d
i=1 that

spans Rd.
while not converged do

for i = 1, . . . , d do
Find λmin = linemin(f(P i−1 + λui))
Let P i = P i−1 + λminui

end for
Remove u1 and offset the other basis vectors such that ui → ui−1.
Let ud = P d − P 0.
Find λmin = linemin(f(P d + λud)).
Set P 0 = P d + λminud.

end while
return P 0 and f(P 0).

Powell realized that conjugate vectors could be produced using the effective dis-
tance traveled after having cycled through a set basis vectors and minimized along
each direction. He was able to show that if the function is of quadratic form, such as
the one in Eq. (4.3), then one could obtain a new conjugate direction after each cycle
by creating the vector u = P d − P 0, where d is the dimension of the optimization
space. It is interesting to note how this procedure scales with the number of free
parameters. From Algorithm 1 we gather that creating a new basis vector involves
d + 1 line minimizations. In theory, the exact optimum for a quadratic function
would be obtained once a complete set of conjugate directions is achieved. Since
this requires d new basis vectors, Powell’s method would then have a quadratic com-
plexity O(d2). In practice of course, most functions do not have this quadratic form.
Most functions are however parabolic in the vicinity of a minimum. Because of this
Powell’s method will eventually start to converge quadratically. This means that
near the minimum the number of significant digits approximately doubles for each
iteration. While the quadratic convergence makes Powell’s method very desirable,
there is one issue that needs to be remedied before the routine can be used. This is
the problem of linear dependence between the basis vectors, which will be the focus
of the next section.

4.1.1 The problem of linear dependence
Powell’s method offers good performance and is easily applicable to a black-box
function. However, there is a major robustness issue in the routine described in
Algorithm 1. When removing u1 in favor of the new direction there is a possibility
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of the basis vectors becoming linearly dependent. Once this happens, parts of the
initially considered parameter space P ⊆ Rd will become inaccessible to the opti-
mization routine and as such, the obtained minimum will only be that of a subspace
P∗ ⊂ P . An unpredictable reduction of the parameter space during optimization is
not something that can be tolerated, but fortunately there are techniques that can
be used to avoid this.

One simple way of making sure that the routine does not get stuck with linearly
dependent vectors is to reset the basis to orthogonal unit vectors {ei}d

i=1 every
time d new directions have been found. This preserves the quadratic convergence
property and is therefore a good alternative when the function is almost quadratic
or high precision near the minimum is desired. It should however be noted that the
property is not essential for all applications, and experience shows that this is the
case for the disruption simulations in this work. Firstly, there is no evidence implying
that the objective function behaves quadratically with respect to the different input
parameters. Secondly, high accuracy is not imperative to the optimization, since
the goal of this project is to find viable parameter regions during disruptions, while
allowing for certain margins of error. Furthermore the objective function, while
being physically motivated, is an ad hoc construction which implies that having a
large number of significant digits in this application may not be more informative
in a general context.

For the reasons described we concede the notion of quadratic convergence, and
opt for a more heuristic method that aims to find a few good directions, rather than
a full set of conjugate vectors. The idea is to only update the basis under certain
conditions and in those scenarios remove the direction in which the function saw the
largest decrease. The reason to discard this seemingly good direction instead of the
arbitrary u1 is that it is likely a major component in the new vector and its removal
will therefore reduce the chance of linear dependence occurring. What remains is
to determine when the addition of a new direction is appropriate. Let f0 := f(P 0)
be the function value at the starting point and fd := f(P d) the value at the final
point after a complete cycle of the basis. We also extrapolate an additional point
fE := f(2P d − P 0) corresponding to one full step in the proposed direction, and let
∆f denote the largest decrease obtained in any one direction during the cycle. The
new direction is included if:

1. fE < f0
2. 2(f0 − 2fd + fE)(f0 − fd − ∆f)2 < (f0 − fE)2∆f

The first condition makes sure that there is something to be gained from traveling
in this direction and it is not “used up”. The second condition is more subtle. If
the inequality is not fulfilled it can be argued that either the average decrease was
not primarily a result of the decrease in any single direction, or that the second
derivative of the function along the new direction is noticeably high and the current
position appears to be close to its minimum.

This concludes the modification to prevent linear dependence and our discussion
about Powell’s method in general. What has yet to be mentioned is how the one-
dimensional minimization, so far only denoted linemin, is conducted. This is the
topic of the next section.
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4.1.2 Golden section search and Brent’s method

Regardless of all the intricacies associated with direction set methods, what remains
after the function has been defined along a line, as in Eq. (4.2), is a typical one-
dimensional minimization problem. Here, there are again numerous techniques to
choose from, with the caveat that they should not require computation of the deriva-
tive. In this project we have opted to use Brent’s method which provides a flexible
routine that performs well even for “ill-behaving” functions, while also converging
quickly near the minimum [51]. It can be seen as an extension of the golden section
search (GSS) method which is therefore the first target of discussion.

In order to find a minimum using GSS, it must first have been bracketed. The
triplet (a, b, c), where a < b < c, is said to bracket a minimum if it holds that
f(b) < f(a) and f(b) < f(c). Exact details about how this bracket is obtained will
be presented in the next section, but for now let us assume that it is given. Similarly
to the bisection method used to find roots of functions, the aim is to reduce the
bracketed interval by evaluating the function at some new point x ∈ (a, b) ∪ (b, c).
For example, if the evaluated point is in the interval (a, b) one would update the
bracket as follows:

• If f(x) > f(b) then a is discarded and the new bracket will be (x, b, c).
• If f(x) < f(b) then it is the best minimum found so far and the interval can

be reduced by discarding c, obtaining (a, x, b).
This simple process can be repeated until the bracket becomes small enough to
satisfy some convergence condition, after which the middle point of the remaining
interval is returned as the location of the minimum.

There is still the question of how the new point x is chosen. It is preferable to
make the safest choice possible such that the average number of required iterations,
even in the worst case scenario, will be minimized. Let β ∈ (0, 1) denote the fraction
of the distance between a and c where b is located. Similarly, assume that x is located
an additional fraction ξ ∈ (0, 1) beyond b. More explicitly we have

β := b− a

c− a
(4.7)

ξ := x− b

c− a
. (4.8)

When evaluating f(x), the two possible outcomes imply that the length of the new
bracket will either be a fraction β + ξ, or 1 − β of the previous one. In order to
minimize the length of the worst outcome these two should be equal, i.e.

ξ = 1 − 2β. (4.9)

From Eq. (4.9) it follows that x will lie in the larger of the two intervals (a, b) and
(b, c), since ξ < 0 for β > 1/2. Something interesting happens when this selection is
repeated. Assuming that the previous bracket was created using the same process,
then β would be the same as the fraction of the distance between b and c where x
is located. That is

ξ

1 − β
= β. (4.10)
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Eq. (4.9) together with Eq. (4.10) yields a quadratic equation with the solution
β ≈ 0.38197. This means that the optimal bracket has its intermediate point b a
fractional distance Γ = 0.38197 from one end and 1 − Γ = 0.61803 from the other.
These are the fractions of the golden section and they relate to the golden ratio, φ,
as 2 − φ and φ− 1 respectively; hence the name golden section search.

GSS is a robust method which is suitable for minimizing practically any function.
There are however techniques that converge faster, assuming that the function is
sufficiently ”well behaved”. For example, if the function has close to a parabolic
shape, then given the same bracket as before, one could imagine fitting the three
points to some second degree polynomial and selecting the minimum of that poly-
nomial as the next point to evaluate. It can be shown that this minimum is given
by

x = b− 1
2

(b− a)2[f(b) − f(c)] − (b− c)2[f(b) − f(a)]
(b− a)[f(b) − f(c)] − (b− c)[f(b) − f(a)] . (4.11)

This is known as inverse parabolic interpolation. If the studied function is in fact
a second degree polynomial then this method will instantly find the minimum, and
even if this is not the case it is still likely to provide a good guess. Recall that
when sufficiently close to a minimum, most functions are parabolic. In a worst case
scenario such a routine can however perform very poorly, constantly choosing its
next step based on assuming a parabola which simply is not there. This is where
Brent’s method, outlined in Algorithm 2, offers a good middle ground.

Algorithm 2 Brent’s method
Provide a triplet of points (a, b, c) that brackets the minimum.
while not converged do

Determine a trial point x̃ by attempting a parabolic fit according to Eq. (4.11).
if x̃ satisfies conditions in Eq. (4.12) and (4.13) then

Accept the trial point, let x = x̃.
else

Take a golden section step, letting x = b + Γ(c − b) if (b, c) is the larger
segment, or x = b− Γ(b− a) if not.

end if
Evaluate f(x) and update bracket accordingly.

end while
return b and f(b).

What makes Brent’s method so efficient is the fact that it is a combination of
GSS and inverse parabolic interpolation, switching between the two depending on
how the function is behaving. For each iteration a trial parabolic fit is done using
the current bracket and a new point is suggested according to Eq. (4.11). The point
is accepted if it satisfies the two following conditions:

x ∈ (a, c) (4.12)

|x− b| < |δ2|
2 . (4.13)
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Here δ2 denotes the length of the step taken two iterations prior to the current one.
Equation (4.12) is rather straightforward and it states that the new point should
lie within the bracketed interval. The second constraint in Eq. (4.13) formulates
that the attempted step should be at most half of δ2, which is done to confirm
that the routine is converging and not stuck in some inefficient loop caused by a
non-cooperative function. The reason for comparing the step length with that of
two iterations ago and not simply the previous one is very pragmatic, as it has been
found that allowing for one bad step can improve performance if it is compensated
for by the following step. If these conditions are not met, then Brent’s method
will simply use a GSS step as detailed previously. One question remains before
our description of the one-dimensional optimization is complete: how to bracket a
minimum.

4.1.2.1 Bracketing a minimum

As with most concepts discussed in this chapter, there are several ways to bracket
a minimum. There is however not much convention when it comes to this topic
and we have therefore chosen a relatively simple method for our application. The
idea is to progress “downhill”, increasing the size of each subsequent step, until the
function begins to increase.

Consider an initial guess of two points (x, y), where x < y. To begin, one evaluates
the function at the respective points in order to see in which direction it is decreasing.
For the sake of this illustration, let us assume that f(x) > f(y). A new point z is
then evaluated according to

z = y + γL, (4.14)

where L := |x− y| is the length of the initial segment and γ is some hyperparameter
governing the distance traveled. If f(z) > f(y), then the process is complete and
the bracket is given by (a, b, c) = (x, y, z). If however f(z) < f(y), then the segment
is shifted such that x → y and y → z, while the step size is doubled meaning that
γ → 2γ. The procedure is then repeated until the former inequality is true. This
yields an exponential growth of γ, which is beneficial for the problem we consider,
since in disruption simulations the function domain stretches over several orders of
magnitude.

The initial guess could in practice be almost any two numbers, even randomly
generated ones, but in this adaptation of the method they have been slightly tailored
towards the studied parameter space. If we assume that the current line function is
characterized by the point P and directional vector u, then the line will intersect
the boundary of the parameter space at the two points P +ℓ+u and P +ℓ−u, where
ℓ− < 0 < ℓ+. It was found that the initial segment (0, ℓ+/10) was a practical choice
as it assures that the line minimization will in general consider a large part of the
parameter space, while keeping the interval reasonably constrained with respect to
the specified boundaries.
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This concludes our discussion about one-dimensional optimization as well as Pow-
ell’s method. There are however several reasons as to why a comparison with other
techniques would be of interest. While efficiency is a primary concern of optimiza-
tion methods, there are more aspects that should be taken into consideration. Most
important is the fact that both Powell’s method and Brent’s method only finds a
local minima, which can be a severe flaw depending on the shape of the studied
function. Another aspect is the information gained during the procedure. Even if
the function is minimized to a satisfactory extent, Powell’s method will not tell us
anything about the overall behavior of the function. Such knowledge is not only
useful in the context of black-box optimization, but can be essential from a physics
point of view. For these reasons we have chosen to use an additional optimization
scheme known as Bayesian optimization.

4.2 Bayesian optimization

A practical feature of Bayesian statistics is the inference of the distribution of prob-
abilities p(H|D) for some hypothesis H given the dataset D. This is guaranteed by
Bayes’ theorem, which allows for estimating this distribution in closed form, based
on said data and any prior assumptions made about the hypothesis. Bayes’ theorem
can be derived from the definition of the conditional probability of some event A
given another event B

p (A|B) := p (A ∩B)
p(B) , (4.15)

where p (A ∩B) is the probability for both events to occur (the intersection of
the two). An analogous can be made for the reversed ordered p (B|A) and since
the intersection is commutative, this implies the following property of conditional
probabilities

p (A|B) p(B) = p (B|A) p(A). (4.16)

Solving for p (A|B) and replacing A and B with the hypothesis H and dataset D
respectively gives

p (H|D) = p (D|H) p(H)
p(D) , (4.17)

which is Bayes’ theorem. Here, p(H|D) is known as the posterior probability dis-
tribution, expressing our knowledge about the hypothesis after observing each data
point. On the right hand side of Eq. (4.17), the probability of observing D given
the hypothesis is true is represented by p(D|H), and is called the likelihood. This
describes the compatibility of the new data with this hypothesis. Furthermore, p(H)
is called the prior, which is our prior knowledge about the hypothesis. Finally, p(D)
in the denominator is called the marginal likelihood or evidence, and can simply be
regarded as a normalization factor. If our hypothesis represents some value of the
continuous variable x ∈ X , where X is an exclusive and exhaustive set of outcomes,
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this factor is set such that the posterior satisfies the normalization condition∫
X

dx p(x|D) = 1, (4.18)

which is a fundamental property of probability distributions.
Provided a dataset Dn := (Xn, Yn) consisting of n sample points in the sequence

Xn := {xi}n
i=1, and the corresponding function evaluations are Yn := {f(xi)}n

i=1, the
use of Bayesian inference allows not only for approximating the objective function f ,
but also to infer the uncertainty of this approximation [54]. In linear regression of a
parametric model, one could parameterize f(x) = ∑

i wiϕi(x), given a set of known
basis functions ϕi, i = 1, . . .M (for scalar inputs, this could for instance be a set of
polynomials {1, x, x2, . . . xM−1}). With this approach, it is then over the weights
wi that the inference is performed. The prior placed on f is obtained implicitly
from any individual priors on the weights. In this work however, a non-parametric
technique from Bayesian machine learning is used, which is described in Sec. 4.2.1.

Using Bayes’ theorem in Eq. (4.17), we may express the inference of the function
f from the training data in Dn as

p(f(x)|Dn) = p(Yn|f(x), Xn)p(f(x))
p(Dn) . (4.19)

This posterior distribution is sequentially updated by sampling more and more
points until the algorithm is terminated. By carefully choosing where to sample
next based on previous observations, as described in Sec. 4.2.2, one can balance the
search in the vicinity of the currently evaluated optimum, with the exploration of
regions with high uncertainty [55]. The latter makes it less likely that the algorithm
gets stuck in local optima, which is a clear advantage over certain iterative methods,
such Powell’s method described in Sec. 4.1. On the other hand, a larger number
of evaluations is often required as the exploration needs to cover a greater part of
parameter space.

This statistical approach also allows for dealing with certain aspects of f that are
not of interest, known as nuisance parameters. It is thus a powerful tool for analyzing
simulations with noisy data. If necessary, it is possible to include an independent and
identically distributed Gaussian noise ε ∼ N (0, σ2

ε) with a zero mean and variance
σ2

ε when evaluating y = f(x)+ε. The kind of black-box functions considered within
this thesis are noise-free and deterministic, i.e. each identically prepared simulation
yields exactly the same outcome, we simply assume σ2

ε = 0.
Furthermore, as the Gaussian process (GP) can be instructed to explore regions

in the vicinity of the optimum, it can therefore obtain a sufficiently accurate approx-
imation of f in this region. This information can be used in order to get a picture
of how sensitive the optimum is to small perturbations in x away from x∗. This
feature is used when analyzing the engineering robustness of the results in Ch. 5.

Summarized below in Algorithm 3 is the pseudo-code for the Bayesian optimiza-
tion used within the works of this thesis [52]. It performs N function evaluations
and then returns the point x∗ with the smallest evaluated objective function. Two
important and intricate elements of Algorithm 3 is the determination of the poste-
rior distribution p (f(x)|Dn) and the acquisition function for intelligently selecting
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4. Black-box optimization

the next point to sample. Section 4.2.1 describes how Bayesian inference is used to
update the posterior, gathered from points selected as described in Sec. 4.2.2.

Algorithm 3 Bayesian optimization
Assume n0 starting points {xi}n0

i=1.
Evaluate initial dataset Dn0 = {(xi, yi)}n0

i=1.
Place GP prior on f
Let n = n0
while n ≤ N do

Update posterior distribution p (f(x)|Dn) using all available data in Dn.
Let xn+1 be the maximizer of the acquisition function EIn on P .
Observe yn+1 = f(xn+1)
Increment n

end while
return datapoint (x, y) ∈ DN with the smallest evaluated f .

4.2.1 Gaussian process regression
The aim now is to use Eq. (4.19) to infer a probability distribution for the function
f on the considered parameter space P . The prior distribution of functions, which
we base on the current set of data Dn, is taken to be a GP.

A stochastic process is a collection of random variables that are indexed by some
mathematical set, e.g. time, space or as in this case, the continuous space X . By
definition, a GP is a stochastic process such that every finite collection of random
variables has a multivariate Gaussian distribution [54]. It can be thought of as the
generalization of the Gaussian distribution over a finite vector space to a function
space of infinite dimension. While a Gaussian is determined by its mean and co-
variance matrix, GPs are completely characterized by a mean function µ(x) and
covariance function k(x,x′). Given Dn, we indicate that the function f is modelled
using a GP as

f(x)|Dn ∼ GP
(
µ(x), k(x,x′)

)
. (4.20)

For the real process f(x), the mean and covariance functions are defined as the
expectation values

µ(x) := E[f(x)], (4.21)
k(x,x′) := E[(f(x) − µ(x))(f(x′) − µ(x′))] (4.22)

For simplicity, we assume the prior mean function µ0(x) = 0. Note however that
this is not necessarily a strong limitation, since the mean µn(x) of the posterior
process is not confined to be zero. Furthermore, if necessary, we can ensure the
resulting approximation of the objective function is positive definite by performing
the GP regression on log f rather than on f directly. The same is true for any input
parameter xi → log xi.

The covariance function, also called the kernel, typically has the property that if
∥x − x′∥ < ∥x − x′′∥ =⇒ k(x,x′) > k(x,x′′), for some norm ∥·∥. In other words,
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points that are closer to another in X are more strongly correlated and vice versa,
which is of course only true if f is a continuous function. Additionally, kernels are
positive semi-definite functions, i.e. k(x,x′) ≥ 0, ∀x,x′ ∈ X . It is also very common
that they are stationary, meaning that k(x,x′) = k(∥x − x′∥). Here, we define this
norm as

∥x − x′∥2 =
d∑

i=1

(xi − x′
i)2

θ2
i

=: r2(x,x′; Θ), (4.23)

where Θ := {θi}d
i=1 is a set of hyperparameters describing the correlation length in

each input dimension. Each time when new data is sampled, any such hyperparam-
eter within a GP is chosen such that the marginal likelihood p(Dn) in Eq. (4.19)
is maximized. This procedure follows Algorithm 2.1 in Gaussian Processes for Ma-
chine Learning [54], using a Cholensky factorization for calculating the inverse of
the covariance matrix, which appears in the update Eq. (4.28) and (4.29).

A commonly used covariance function is the Gaussian kernel and is given by

kG(x,x′; Θ) := exp
(

−1
2r

2(x,x′; Θ)
)
. (4.24)

However, since this kernel is infinitely differentiable, the resulting GP is very smooth.
In reality, this is often not the case for many physical processes and as the black-
box function f is obtained from solving a strongly non-linear set of equations, this
assumption may not be appropriate. Instead we make use of another covariance
function, the Matérn kernel, given by

kM(x,x′; ν,Θ) := 21−ν

Γ(ν)
(√

2ν r2(x,x′; Θ)
)ν
Kν

(√
2ν r2(x,x′; Θ)

)
, (4.25)

where Γ is the gamma function and Kν is a modified Bessel function of the second
kind. The additional hyperparameter ν sets the smoothness of the resulting function
drawn from the GP and in the limit ν → ∞, the kernel kM(x,x′) → kG(x,x′). The
Matérn covariance function in Eq. (4.25) is therefore considered as a generalization
of the Gaussian kernel in Eq. (4.24). In this work we use the fixed value of ν = 5/2.

To illustrate how the correlation length θ and the smoothness ν affect the dis-
tribution of functions, Fig. 4.2 shows five randomly sampled functions from three
different GPs. The first two kernels, (a) and (b), both have a correlation length of
θ = 1/2 which yields a stronger correlation when compared to (c) with θ = 1/5.
This becomes apparent when comparing the heatmap of the corresponding covari-
ance matrices, in which a strong correlation is indicated by bright colours. Matrix
elements away from the highlighted diagonal more quickly decrease for case (c) com-
pared to the other cases with larger correlation lengths, hence the larger variations
in f . Furthermore, with a lower ν, the covariance matrix in case (a) is very peaked
near the diagonal but does not decrease quite as rapidly as for case (c). This results
in functions sampled from GPs using kernel (a) that are much less smooth compared
to the other kernels, but it doesn’t vary much at larger scales like in case (c).

To see how to incorporate the knowledge about Dn into making an informed pre-
diction of the value of f at some new test point xn+1, a few matrices is constructed.
Let k be a vector containing the covariance between x and each of the n points
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Figure 4.2: Sampled functions f ∼ GP(0, kM) using Matérn kernels in Eq. (4.25)
with varying correlation lengths and smoothness θ and ν. Shown to the right is
heatmaps of covariance matrices for the 50 uniformly placed inputs x ∈ [0, 1]. Each
curve is made by connecting together the 50 corresponding inputs describing the
multivariate Gaussian distributions, which used to generate five functions each. The
kernel hyperparameters are (a) θ = 1/2, ν = 1/2, (b) θ = 1/2, ν = 5/2 and (c)
θ = 1/5, ν = 5/2.

already sampled, ki := k(xn+1,xi), i ≤ n, which we call the test covariance vector.
Similarly, the covariance matrix Σ is constructed by letting its element correspond
to the covariance between every sampled point in Xn, i.e. Σij := k(xi,xj), i, j ≤ n.
The set of objective function evaluations Yn is turned into a vector y, such that
yi := f(xi). Consider adding the test point to the GP, which by definition is a
collection of random variables with a distribution of a multivariate Gaussian. The
joint distribution of the output data y and the test output yn+1, given the set of
sampled input data Xn and our prior assumption about the mean function µ0(x)
being zero, is thus given by[

y
yn+1

]
∼ N

(
0,
[
Σ + σ2

ε1 k⊤

k k(xn+1,xn+1)

])
, (4.26)

where a Gaussian noise with variance σ2
ε is included, and 1 is the n × n identity

matrix. To get the posterior distribution of functions, this joint distribution must be
restricted to contain only those functions that agree with the previous evaluations,
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Figure 4.3: Both panels include the example objective function f(x) = −x sin x
(solid black) on the interval x ∈ [0, 10]. The GP prior distribution is shown in panel
(a), with a zero mean function (dashed black) including the 95% credible interval
(yellow). Panel (b) includes six randomly sampled points (black dots) together with
the corresponding posterior distribution. Both the mean and variance functions are
updated by the Eqs. (4.28) and (4.29), respectively. Note that in regions further
away from the sampled points, the GP is more uncertain about its prediction of f ,
hence the larger areas covered in yellow.

stored in Dn. In probabilistic terms, this corresponds to conditioning the joint
Gaussian prior distribution on Dn using Bayes’ theorem from Eq. (4.19), which
yields the conditional probability

yn+1|Dn,xn+1 ∼ N (µn(xn+1), σ2
n(xn+1)), (4.27)

for which posterior mean and variance functions are calculated via

µn(xn+1) := k⊤
[
Σ + σ2

ε1
]−1

y, (4.28)

σ2
n(xn+1) := k(xn+1,xn+1) − k⊤

[
Σ + σ2

ε1
]−1

k. (4.29)

Algorithm 3 returns both the input x∗
n corresponding to the point with the smallest

evaluated yi ∈ Yn, and also the minimizer of the posterior mean function µn(x),
which given a sufficient number of samples in the vicinity of the actual optimum
should yield σ2

n ≈ 0 in this region, making µn an ever improving point estimate of
the objective function f . As already mentioned in the beginning of this chapter,
only deterministic and thus noise-free simulations are considered in this work, hence
we omit the Gaussian noise by setting σ2

ε = 0.
This procedure of updating the probability density for the estimate of the ob-

jective function f given some set of samples Dn, is exemplified in Fig. 4.3 with a
one-dimensional function. It shows how four function evaluations are incorporated
into the posterior distribution of functions, shown to the right, given a prior N (0, 1),
illustrated in the left panel. Note that the noise-free inference of this function yields
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a mean function, shown in red, which is exactly equal to f in the sampled points,
i.e. µn(xi) = f(xi).

4.2.2 Expected improvement acquisition function
Having established how knowledge about the function f is inferred from a set of
sampled data Dn using GP regression in Sec. 4.2.1, this section describes a strategy
for choosing a optimal new point xn+1 to sample and evaluate yn+1 := f(xn+1). The
expected improvement EIn(x) is one of the most commonly used acquisition functions
within Bayesian optimization, and can be derived from a thought experiment [52].
Let f ∗

n ∈ Yn be the minimal value of f evaluated over all x ∈ Xn ⊂ P that has
currently been sampled, and let x∗

n be the corresponding input. If the optimization
procedure is terminated at this point, Algorithm 3 would simply return x∗

n as the
best estimate of the actual optimum x∗.

Suppose that an additional evaluation is to be performed at any point x yielding
f(x). After this, the minimal observed value of f is either f(x) if f(x) < f ∗

n or
still f ∗

n otherwise. With the goal of finding the minimum of f , the improvement of
such a evaluation in the former case is given by f ∗

n − f(x) and 0 in the latter. The
best choice would be to maximize this improvement, but the actual value of f(x)
is still unknown before it being evaluated. Instead, what is done in Algorithm 3 is
that the next sample is taken to be the maximizer of the expectation value of the
improvement, given the trained GP. We can write this as

xn+1 = argmax
(
En

[
max(0, f ∗

n − f(x))
])

=: argmax
(
EIn(x)

)
, (4.30)

where En[·] should be understood as the expectation under the posterior distribution,
given the previously evaluated Dn. Using the the notation ∆n(x) := f ∗

n − µn(x)
for the expected difference in quality between x and the currently best point, the
expected improvement can be evaluated in closed form as

EIn(x) = max(0,∆n(x)) + σnφ

(
∆n(x)
σn(x)

)
− |∆n(x)|Φ

(
∆n(x)
σn(x)

)
. (4.31)

Above, φ(·) is the probability density of the standard normal distribution N (0, 1)
and Φ(·) is its cumulative probability function. These are given by

φ(t) := e−t2/2
√

2π
, Φ(t) :=

∫ t

−∞
ds φ(s). (4.32)

With this strategy and selecting each new sample point xn+1 as in Eq. (4.30), the
Bayesian optimizer sequentially gains more confidence about the global optimum
x∗

n → x∗, as more function evaluations are performed, much faster than by randomly
sampling from a uniform distribution [55].
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5
Optimization of disruption

mitigation scenarios

Having described the two methods of black-box optimization we use, in Ch. 4, this
chapter presents their application to various disruption mitigation scenarios. The
general goal is to identify what densities of injected neon and deuterium produce the
most favorable outcomes in a disruption mitigation, corresponding to the minimizer
of an objective function f . Here, the main objective is to suppress the maximal
runaway current Imax

RE as much as possible under the constraint that the CQ time,
τCQ, is bound between the two values in Eq. (2.42). These and the other relevant
output variables Ifinal

Ω and ηcond, which we use to construct the objective functions,
are defined in Sec. 2.5.2. We are not aiming to model the details of the material
injection, instead we assume the material to be instantaneously deposited in the
form of neutrals, uniformly distributed over the magnetic flux surfaces.

The evaluation of f consists of two steps: (1) running the disruption simulation
and (2) calculating the value of f provided the simulation outputs. Step (1) involves
using a standard multidimensional Newton’s method for solving a set of nonlinear
coupled equations, using the Dream framework as described in Sec. 3.4. The ap-
proach of choice is to treat this first part as a black-box function, which we denote
b : X → Z. Here X and Z are the spaces of input parameters and output variables,
respectively. The evaluation of z = b(x) is what by far takes the most time during
the optimization procedures employed within this work. Although having the un-
derlying system of equations described in Ch. 3, the black-box approach disregards
any possible structures contained within this system of equations that could be ex-
ploited by using other more informed approaches of optimization. On the other
hand, this allows for more general applications of the optimization framework to
cases other than the considered fluid disruption simulations (e.g. ones also resolving
the material injection process, or ones using kinetic electron modelling).

The second step (2) is to compute the value of the objective function from the
simulation outputs. Letting the analytical function L : Z → Y ⊆ R+ be the
objective function, the action of evaluating f at the point x is expressed as f(x) =
L(b(x)). The problem of optimizing a disruption simulation with respect to a set of
input parameters reduces to localizing the global minimum of f .

In Sec. 5.1, the base objective L1 is defined in terms of the maximum RE current,
the CQ time and the final Ohmic current. The disruption simulation considered in
this section is initiated by prescribing an exponentially decaying temperature, which
is subsequently evolved by the energy balance Eq. (3.9) after reaching temperatures
below 100 eV, as described in Sec. 3.2.
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In Sec. 5.2, the disruption is instead initiated by prescribing the heat transport,
assuming different magnetic perturbation amplitudes δB /B. This allows us to self-
consistently evolve the temperature, even during the TQ, which in turn makes it
possible to include the transported heat fraction in the objective function L2. When
the average temperature has dropped down below 100 eV, the transport is disabled.
We perform optimizations similar to those in Sec. 5.1, for a range of values of
the radially uniform magnetic perturbation δB /B. Selecting a value that yields
an optimum which does not simultaneously satisfy the requirements put forth in
Eq. (2.42), a four-dimensional optimization is then performed in Sec. 5.3, where
the radial uniformity of the injected material is relaxed, in terms of two additional
parameters that enter the optimization.

Finally in Sec. 5.4, we present a method of addressing the sensitivity of a given
optimum by maximizing the objective function on smaller parameter regions cen-
tered around it. In doing so, this method provides an estimate of the worst possible
outcome for input parameters in the vicinity of the optimum, representing an un-
certainty in the amount of material deposited in the plasma.

5.1 Initially prescribed temperature evolution

When temperature evolution is prescribed during the thermal quench, the trans-
ported fraction of heat loss is not calculated, and as such, cannot be part of the
objective function. Instead, the goal of the optimizations performed in this section
is to minimize the sum of the maximum RE current and the final Ohmic current,
under a constraint on the CQ time. The latter, θ(τCQ), is an indicator whether
or not the disruption is to be rejected due to falling outside the tolerated range
of CQ times, based on the decay rate of the plasma current. Namely, whenever
50 ms < τCQ < 150 ms, this metric is zero and otherwise it is set to a value of 100.
However, since the GP regression of the objective function assumes f to be contin-
uous in the Bayesian optimization, we refrain from defining θ(τCQ) in terms of the
discontinuous Heaviside step function. Instead, we make use of the differentiable
logistic function ℓ(x) = [1 + tanh(x/2)]/2 and let

θ(τCQ) := 100ℓ
(
k(50 − τCQ [ms])

)
+ 100ℓ

(
k(τCQ [ms] − 150)

)
, (5.1)

where k = 300 controls how rapidly the function rises at the interval bounds. Re-
placing the logistic function with the Heaviside step function thus corresponds to
Eq. (5.1) in the limit k → ∞. Note that if the black-box function b contains a dis-
continuity, such a feature will propagate into the objective function. Nevertheless,
this definition of θ(τCQ) will not impose any further discontinuities.

This leaves the two remaining output variables, Imax
RE and Ifinal

Ω , to be examined.
Figure 5.1 displays the resulting landscapes of these two currents in the parameter
space of injected material quantities, based on the outputs of 1600 simulations.
These sampled points are uniformly distributed on logarithmic scales on P1, which
is spanned by the densities of injected deuterium nD ∈ [1018, 1.6 · 1022] m−3 and
neon nNe ∈ [1015, 1020] m−3. The reason for this particular value for the upper
bound in nD is a practical one; that the solver in Dream has trouble converging for
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Figure 5.1: The maximum RE current (a) and final Ohmic current (b) as
functions of the injected deuterium and neon densities, nD and nNe. Above the
dashed (solid) line, the CQ time is less than 150 ms (50 ms).

nD > 1.6 · 1022 m−3, due to the resulting high density and low temperature leading
to very rapid recombination, even if the time resolution is considerably increased.

Recalling that the avalanche growth rate in Eq. (3.19) increases with the ration of
the total electron density (free+bound) and the free electron density, this explains
the high runaway currents observed in Fig. 5.1a for large amounts of injected neon.

We construct the base objective function L1 as a weighted sum of the three
metrics used here, as follows

L1
(
Imax

RE , Ifinal
Ω , τCQ

)
:= Imax

RE
Icrit

RE
+ Ifinal

Ω
Icrit

Ω
+ θ(τCQ). (5.2)

Here, we use the parameters Icrit
RE = 150 kA and Icrit

Ω = 300 kA, for which the former is
set in accordance with the mitigation requirements set forth by the ITER mitigation
task force [38].

If the metric for the final Ohmic current were to be excluded from the objec-
tive function, Fig. 5.1a indicates that the optimum then would be located roughly
at nD ∼ 1022 and nNe ∼ 1016 m−3 (i.e. around the lowermost point of the dashed
curve), where Imax

RE is at its minimum under the constraint concerning τCQ. Com-
paring this to Fig. 5.1b, this region in parameter space corresponds to disruptions
with substantial values of Ifinal

Ω . Further analysis of individual simulations in this
region reveals the presence of one or several radial spikes of concentrated Ohmic
current density jΩ(r) that materialize inside the plasma. Similar soliton-like spikes
have previously been observed in various numerical disruption scenarios [56, 57]. In
practice, turbulence in the plasma is believed to eventually cause any such spikes to
dissolve before gaining too much current.

Nevertheless, the desired mitigation outcome is the suppression of both currents,
considering the possibility of significant portions of any lingering Ohmic currents

53



5. Optimization of disruption mitigation scenarios

1018 1020 1022

nD (m−3)

1016

1018

1020
n

N
e
(m

−
3
)

(a) scan + Powell′s

1018 1020 1022

nD (m−3)

(b) BayesOpt

10−1

100

101

102

L1

Figure 5.2: The objective L1 as functions of the input parameters of injected
deuterium nD and neon nNe. Panel (a) shows a scan of function evaluations on a
logarithmically equidistant grid, of 1600 samples on P1, as well as the trajectory
(cyan lines) and corresponding 118 function evaluations (black points) from an op-
timization using Powell’s method. Panel (b) shows is the posterior mean function of
a GP, which has been trained on 200 evaluations. The found optima are indicated
in both figures (red stars).

transforming into runaways, as motivated in Sec. 2.5.2. A conservative study should
account for this, as the fate of such Ohmic channels cannot be inferred from our
simulation. By penalizing such scenarios in which Ifinal

Ω is non-negligible, we intend
to avoid such scenarios. Assuming a 50% conversion, we arrive at Icrit

Ω = 2Icrit
RE =

300 kA.
Using the objective function L1 defined in Eq. (5.2), we perform two individual op-

timizations on P1, using Powell’s and the Bayesian methods, respectively. Fig. 5.2a
illustrates the resulting landscape of L1 based on the scan shown in Fig. 5.1 and
the path taken by Powell’s method. The first point on its trajectory is indicated
by the cyan dot with the coordinates nD = 1.4 · 1020 and nNe = 4.5 · 1018 m−3,
which was chosen pseudo-randomly with the condition 50 ms < τCQ < 150 ms. After
a total of 118 function evaluations, Powell’s method converges to a minimum at
nD = 9.27 · 1021 and nNe = 8.51 · 1016 m−3, with L1 = 0.021 (indicated by the red
star). The corresponding time evolution of the RE and Ohmic currents at the initial
and optimal point are shown in Fig. 5.3. Comparing how the two sets of output
variables change, the maximum RE current reduces from 4000 to 2.0 kA, the final
Ohmic current from 26 to 2.2 kA and the τCQ increases from 69.8 to 82.8 ms.

Furthermore, the Bayesian optimization is displayed in Fig. 5.2b, which shows the
posterior mean function of a GP based on 200 function evaluation. We see that the
found optimum is not located at exactly the same parameters as found by Powell’s
method. It finds nD = 1.17 · 1022 and nNe = 7.00 · 1016 m−3, with the corresponding
L1 = 0.078, being roughly four times higher than Powell’s. However, since L1 < 1
in both cases, these differences are of no concern since both meet the mitigation
criteria with good margins. Due to the multiple orders of magnitude of injected
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Figure 5.3: Time evolution of the Ohmic and RE currents corresponding to the
first point sampled (dashed lines) in Powell’s method and that of the found optimum
(solid lines). The corresponding two sets of parameters are indicated in Fig. 5.2a.

materials covered by P1, we optimize over the base-10 logarithm of the injected
densities in the Bayesian method. After 200 evaluations, the obtained correlation
lengths in log(nD [m−3]) and log(nNe [m−3]) are 0.581 and 0.471, respectively.

After only 100 evaluations, the GP has not yet sampled this region where the
optimum is found. At this stage, it uses the sparsely sampled points around the
true optimum and interpolates the value of the objective function in this region,
resulting in a prediction of L1 that is much higher than it actually is. The posterior
mean function at various total number of evaluations is included in Appendix B.1,
displaying the evolution of the Bayesian optimization.

On a final note, it should be emphasized that both of the obtained optima satisfy
the constraints given in Eq. (2.42). It appears that a relatively high amount of
injected deuterium, in combination with a relatively low amount of injected neon
results in a heavily suppressed generation of REs. This is expected since the lighter
deuterium isotopes are mostly fully ionized, corresponding to a large amount of free
electrons that increase the drag force experienced by the REs, whereas the neon can
be partially ionized, entailing less friction due to the screening effect mentioned in
Sec. 2.5.2.1. Furthermore, it is interesting to note the adequate CQ time. With less
neon to radiate away energy at lower temperatures, the resulting CQ time would
in general be longer. However, since an increase in the injected deuterium results
in a higher free electron density, implying that there are more electrons available
to excite the neon atoms, the radiated power increases as a result. In addition, at
sufficiently low temperatures the deuterium can recombine as well, contributing to
the total radiated heat losses. As such, with a sufficiently large amount of injected
deuterium, the temperature drop can be rapid enough to obtain a CQ time of
under 150 ms. Another effect of the line radiation not taken into account in this

55



5. Optimization of disruption mitigation scenarios

optimization is its ability to reduce the transported heat losses. This will be the
next object of study.

5.2 Prescribed heat transport
As previously mentioned in Ch. 2, a major cause for the sudden loss in thermal
energy during the TQ is radial transport due to magnetic perturbations induced by
MHD instabilities. The physics behind this constitutes its own area of research and
its self-consistent modelling is beyond the scope of the Dream-code [58]. In order
to study the conducted thermal losses we therefore adopt a simple model of the
phenomena, where heat transport, as well as transport of REs, is prescribed by the
Rechester-Rosenbluth diffusion coefficient from Eq. (3.10). It is assumed that the
perturbation strength, δB/B, has a uniform spatial profile and remains constant
throughout the TQ until the temperature has decreased to 20 eV, after which it
is turned off. Using this method the temperature can be evolved self-consistently
during the entire disruption simulation, taking into account additional factors such
as Ohmic heating of the inductive system, collisions between electrons and differ-
ent ion species, and line radiation from neutral and partially ionized isotopes. As
discussed in Sec. 3.2, this entails a more complex TQ process that will be heavily
dependent on the amount of injected material. Because of this, it is important that
the temperature evolution is analyzed, making sure that the temperature has suf-
ficiently decreased in order to represent a characteristic disruption scenario. If the
final mean temperature does not fall below 0.1 % of the initial mean temperature,
the simulation is penalized by letting the objective function return a large value.

Having a self-consistent temperature evolution now allows us to compute the
amount of heat that is transported out from the plasma, constituting to localized
heat loads on plasma facing components. The objective function is therefore updated
to include a metric for the corresponding quantity, presented in Eq. (2.41):

L2
(
Imax

RE , Ifinal
Ω , τCQ, ηcond

)
:= L1

(
Imax

RE , Ifinal
Ω , τCQ

)
+ 10ηcond

ηcrit
cond

. (5.3)

Here the critical value of the conducted fraction is ηcrit
cond = 10 %, and the term has

been weighted by a factor 10 to increase its significance during optimization.
Figure 5.4 shows the posterior mean function of the GPs resulting from Bayesian

optimization of simulations with heat transport with respect to the amount of in-
jected deuterium and neon, using the objective function given in Eq. (5.3). The
optimization was carried out for the different perturbation amplitudes δB/B =
0.2%, 0.3%, 0.4%, 0.5%, and a total of 110 sampled points were used. Furthermore,
the penalty for an insufficient TQ was set to 500. Powell’s method was also ap-
plied to the different scenarios, using an initial starting point nD = 6 · 1020 m−3,
nNe = 6 · 1017 m−3, and its path is illustrated in the figure as well.

One apparent feature of the contours shown in Fig. 5.4 is that they only decrease
significantly within a small region of the parameter space (the majority of the surface
is in the red part of the spectrum). This is mostly due to the penalization of improper
TQs. As mentioned in Sec. 3.2, the transported power density decreases at lower
temperatures, while the radiated power density generally increases. In order to
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Figure 5.4: Heatmap of the posterior mean function of GPs obtained from
Bayesian optimization of transport simulations in Dream. The black dots indicate
the points sampled during the process. The simulations assumed a uniform magnetic
perturbation, δB/B, of (a): 0.2%, (b): 0.3%, (c): 0.4%, (d): 0.5%, throughout the
TQ. The location of the minimal sampled point is denoted by a red star, while
the starting point, path, and optimum of Powell’s method are indicated by a cyan
pentagon, dotted line, and star respectively.

obtain a full TQ a radiative collapse is needed to exhaust the remaining heat. It is
therefore not surprising that the bottom regions in all four cases show a constant,
high objective function, as the amount of neon in these simulations is not sufficient to
efficiently radiate away the residual thermal energy. The limit is located somewhere
below nNe = 1019 m−3, with a slight decrease towards higher deuterium densities.
This decrease could potentially be a consequence of the increased dilution entailing
a lower plasma temperature, in combination with the increased free electron density,
resulting in amplified radiative heat losses.

Additionally, one may note that the overall size of these admissible regions de-
creases for lower perturbation strengths. This is most evident in the δB/B = 0.2%
scenario where the “valley”, usually located around a neon density of nNe = 1019 m−3,
has disappeared and a complete TQ is not obtained for the previously adequate neon
densities, unless a sufficiently high deuterium density, around 1019 m−3 or higher,
is injected. After the assimilation of the initially injected material, the tempera-
ture evolution is generally dominated by heat transport until it is sufficiently low
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to allow for a significant recombination of the neon. It is possible that reducing
the transport even further could result in this transition never occurring, effectively
prohibiting a radiative collapse. This idea is supported by the fact that the problem
is resolved for higher deuterium densities, since injecting more material causes the
initial temperature to drop faster through dilution and ionization.

As a final remark regarding the TQ, there is an unexpected non-monotonic behav-
ior with respect to the neon density. In parts of the region where 1019 m−3 < nNe <
1020 m−3, there is yet again an insufficient temperature decay. This phenomenon is
most apparent in the δB/B = 0.4 % case in Fig. 5.4. Such behavior is surprising,
since there would be further ionization and more material that could radiate away
heat in this scenario. The studied system is however strongly non-linear and it is
possible that the change in effective charge number, Zeff , which affects the Ohmic
heating, along with interactions on the atomic level, for instance ionization states
and the power spectrum of the line radiation, may yield this result.

As for the non-penalized simulations with an adequate temperature decay, the
majority gave values of the objective function on the order of L2 ∼ 102. The
most favorable outcomes for all the different perturbation levels is obtained in the
vicinity of nD ∼ 1021 m−3 and nNe ∼ 1019 m−3. The locations of the computed
minima, summarized in Tab. 5.2, are relatively close to each other for most cases,
and the two optimization techniques agree fairly well. The exception to this is
the result for δB/B = 0.2 %, where the optimal parameters found using Bayesian
optimization have shifted notably towards a lower deuterium density and higher
neon density. Powell’s method does however return an optimum that is closer to
that of the other scenarios. The objective function and output values at the optima
obtained from Bayesian optimization, as well as Powell’s method, are presented in
Tab. 5.1. Comparing the objective function at the location returned by the two
methods for δB/B = 0.2 %, it is seen that Powell’s method converged towards
a local minimum where L2 = 7.77, while the Bayesian optimization was able to
find a slightly lower minimum for which L2 = 6.32, that may represent the global
minimum.

The optimum value of the objective function obtained by both methods increases
significantly at higher magnetic perturbation strengths. To understand why, one
must look at the individual outputs found in Tab. 5.1. One interesting feature of
the results is that all output values, aside from the transported fraction, are within
the acceptable limit in all the different scenarios. The maximum runaway current
is below the critical value Icrit

RE = 150 kA, by a good margin at each optimum.
Considering the parameters at which this optimum is found and comparing them

to the scan in Fig. 5.1, where a prescribed exponential temperature decay was used,
one might expect a much larger runaway current, especially considering the high
neon densities, over 1019 m−3. It is however important to note the significance of
the runaway diffusion, introduced in Sec. 3.3, present in the simulations with trans-
port. A sufficiently high transport of the REs during the TQ can severely limit
the seed current. As such, it is possible that the total runaway current does not
reach critical magnitudes, even when amplified by the avalanche mechanism. This
offers an explanation as to why the optima appear in a previously unsuitable re-
gion of the parameter space. Despite the mentioned suppression, it should be noted
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Table 5.1: Performance indicators of the optima in simulations with transport,
found using both Bayesian optimization and Powell’s method.

Method δB
B

(%) L Imax
RE (kA) Ifinal

Ω (kA) τCQ (ms) ηcond (%)

Bayesian

0.2 6.32 6.55 · 10−5 2.71 · 10−9 57.3 5.1
0.3 19.2 1.41 · 10−5 2.58 · 10−13 55.5 16
0.4 37.5 2.88 · 10−2 8.94 · 10−14 53.4 26
0.5 55.6 6.26 · 10−3 2.66 · 10−15 54.6 50

Powell

0.2 7.77 6.61 · 10−7 1.29 · 10−13 55.3 3.8
0.3 19.2 9.83 · 10−6 2.06 · 10−13 55.5 16
0.4 35.7 1.59 · 10−3 2.48 · 10−14 54.5 30
0.5 55.2 1.23 · 10−1 9.97 · 10−16 52.3 35

that the maximum runaway current increases by several orders of magnitude for
the higher perturbations in Table 5.1. It is likely that this is an effect of some run-
away seed becoming more prominent during the TQ. For example, at the optima
obtained using Powell’s method for δB/B = 0.2 %, the TQ occurs on a timescale
of ∼ 1.8 ms, while an equivalent temperature drop only takes ∼ 0.5 ms at the op-
tima for δB/B = 0.5 %. As discussed in Sec. 3.3, the Dreicer and hot-tail runaway
mechanisms are both sensitive to the temperature evolution inside the plasma and
it is possible that an increased heat transport results in a subsequent amplification
of these effects. Furthermore, it is possible that the RE transport redistributes the
runaway seed in such a way that the avalanche generation becomes more efficient.

Moving on to the final Ohmic current, it is found to be vanishingly small for
all optima listed in Tab. 5.1. This is expected since, as discussed in Sec. 5.1, the
formation of Ohmic channels (or spikes) is counteracted by a sufficiently high heat
diffusivity. As such, it seems that this phenomenon does not pose the same issue as
it did in the exponential temperature decay scenario: It is apparent that neither the
runaway nor Ohmic currents have a substantial impact on the objective function at
any of the optima in question. The main contributions are instead the CQ time and
conducted heat losses.

While τCQ lies within the acceptable interval 50−150 ms, the values at all optima
are relatively close to the lower limit, implying that the corresponding contribution
to the objective function at these points is no longer negligible (recall that the tran-
sition of the τCQ penalty across the threshold values is narrow, but smooth, giving
finite values close to the threshold). Additionally the transported fraction, while
tolerable for the δB/B = 0.2 % case, undergoes a steep increase as the perturbation
strength is increased. The transported power density grows monotonically with re-
spect to the diffusion coefficient, which has a quadratic dependence on the magnetic
perturbation amplitude. It is therefore expected that the radiated power density
will eventually not be sufficient to avoid substantial transported heat loss, unless a
very high amount of neon is injected. As previously pointed out, simply increas-
ing the neon density can entail both an amplified runaway generation as well as a
reduced CQ time, the latter being the main concern at these optima. It appears
that these competing factors are what place the optima in this particular region.
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Figure 5.5: The lowest computed value during optimization with Powell’s method
(solid) and the Bayesian method (dashed) as a function of the number of simulations
performed. While the Bayesian optimization was carried out for a fixed number of
110 samples, Powell’s method is aborted once a convergence condition is satisfied.

Concluding this discussion, it should be noted that predicaments were found for
both low and high magnetic perturbations, since the former could entail difficulties
with incomplete TQs while the latter yielded a substantial transported fraction.

Besides studying the physical properties of disruption scenarios in different pa-
rameter regions, it is interesting to also analyze the results from an optimization
standpoint, comparing the performance of the two methods. It was stated earlier
that both methods converged towards similar minima, as could be seen in Fig. 5.4.
However, looking at the figure one could argue that the starting point used in Pow-
ell’s method is rather advantageous. It should be noted that different starting points
were employed during the testing stage of the method and, while many yielded an
optimum in the same region, in some cases the routine returned parameter values
differing by several orders of magnitude, indicative of a local minimum being found.
Furthermore, if the routine is initialized inside of the penalized region, then the con-
stant value returned by the objective function can make it impossible for Powell’s
method to progress. Bayesian optimization does not run into the same problems
since it scans the domain globally.

Another important aspect is the computational cost of using the respective meth-
ods. Figure 5.5 shows the current lowest evaluation of the objective function at a
given number of simulations during optimization of the transport scenarios using
both Powell’s method and Bayesian optimization. It is clear that Powell’s method
converges significantly faster towards a minimum. This is not so surprising, since the
acquisition function used when sampling with the Bayesian method favors “explo-
ration” of the full parameter domain. Recall that in the case where δB/B = 0.2 %,
the Bayesian optimization routine is able to find a better minimum than Powell’s,
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as the latter gets stuck in a local optimum.
Lastly, a crucial difference between the two techniques is the informational gain.

While Powell’s method was under the right conditions able to efficiently localize an
optimum, the Bayesian construction of a posterior probability distribution yielded
the function maps seen in Fig. 5.5. These provide an advantageous insight into the
behavior of the function that not only can be used for optimization purposes, but
also makes it possible to discover new relations, such as the non-monotonic behavior
of the TQ with respect to the injected neon density that was discussed earlier.

5.3 Profile optimization
In the previous section it was found that optimization based on the injected mate-
rial densities alone may not yield an adequate disruption scenario if the magnetic
perturbation strength is high during the TQ. It was hypothesized that the large
diffusive transport needed to be compensated for by an increased heat radiation
which, in turn, could lead to more efficient runaway generation and lower CQ times.
These results motivate an extension of the optimization space to a higher dimension-
ality. The new parameters would suitably affect the temperature evolution inside
the plasma, altering the balance between the different power densities. For this pur-
pose, an additional degree of freedom was added to the injected material densities,
allowing for variation of the spatial profile. A model is assumed where the density,
n(r), can be expressed as a function of the minor radius based on a profile, g(r),
according to

g(r; c) = 1 + tanh
[
c
(
r

a
− 1

2

)]
, (5.4)

n(r; n̄, c) = n̄g(r; c)

∫ a

0
V ′ dr′∫ a

0
V ′ dr′ g(r′; c)

. (5.5)

Here a denotes the plasma minor radius, n̄ is the average density, V ′ is a spatial
Jacobian for the r-coordinate, defined in Eq. (A.4) of Appendix A, and c ∈ R is
a parameter governing the radial variation of the density. Note that c < 0 corre-
sponds to a higher concentration toward the plasma center, while c > 0 implies that
more material is deposited near the plasma edge. c = 0 is equivalent to a uniform
distribution, similar to before, with density n(r) = n̄. Equation (5.5) assures that
the total number of particles, given by N = n̄V , is held fixed for different profiles,
i.e. different values of c.

With this model the injected material density profiles, nD = nD(r; n̄D, cD) and
nNe = nNe(r; n̄Ne, cNe), are now described by four parameters which are the targets
of optimization. Adopting this new parameter space, Powell’s method and Bayesian
optimization is subsequently applied to the worst performing transport scenario,
for which δB/B = 0.5 %. Powell’s method was given the initial starting point
n̄D = 6 ·1020 m−3, cD = 0, n̄Ne = 6 ·1017 m−3, cNe = 0, and the Bayesian routine used
a total of 525 samples. Parameter values were in both cases confined to the intervals:
n̄D ∈ [1017, 1022] m−3, cD ∈ [−12, 12], n̄ne ∈ [1015, 1021] m−3, cNe ∈ [−12, 12]. The
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resulting optima for two methods is included in the summary found in Tab. 5.2.
Note that for simplicity, the bar is removed when denoting the average densities in
the table. The minimum returned by Powell’s method yielded L = 9.65, for which
Imax

RE = 55.4 kA, τCQ = 67.33 ms, and ηcond = 9.28 %. For the Bayesian optimization
the optima was even better, with a resulting objective function L = 5.50, where
Imax

RE = 4.26 kA, τCQ = 63.87 ms, and ηcond = 5.45 %. In both cases the remaining
Ohmic current was once again very small, on the order of ∼ 10−11 kA and ∼ 10−8 kA
for Powell’s and the Bayesian method respectively.

It is important to point out that both optima performed significantly better than
that of the analogous scenario with uniform injected material densities in Tab. 5.1
(reaching L ≈ 55). All of the presented output values lie within their respective
acceptable ranges, with the transported fraction being significantly smaller and the
current quench time having a substantial margin with respect to the lower limit. The
location of the optima found by the two methods are however quite different and the
distinctly smaller objective function returned by the Bayesian optimization suggests
that it might correspond to a global optimum, whereas Powell’s method converged
toward a local optimum. Such behavior is expected to become more frequent as the
dimensionality increases and the function becomes more complex.

The optimal injected density profiles are shown in panel a of Fig. 5.6. The
deuterium and neon densities have been normalized with respect to the optimal
uniform densities given by Powell’s method in Sec. 5.2 (ñα = nα(r)/nuniform

α ). A
common feature of the two results is that n̄∗

Ne has increased compared to the previous
optima, with the vast majority being deposited near the plasma edge. The radiated
power density is therefore higher further out in the plasma, which appears to be a
valid strategy for avoiding considerable transported heat loss while avoiding extreme
temperature drops in the center where the current density is higher and avalanche
generation is more prominent. Furthermore, a more benign temperature evolution
in the region where the Ohmic current density is the largest may also entail a longer
current quench time.

At the minimum obtained using Bayesian optimization, the average neon density,
n̄∗

Ne = 1.08·1020 m−3, is almost twice as high as that obtained using Powell’s method,
n̄∗

Ne = 5.24 · 1019 m−3. Furthermore, the shaping parameters, c∗
Ne = 6.3 and c∗

Ne = 10
respectively, imply a slightly smoother profile for the Bayesian optimum. As such,
the latter has a notably higher neon density closer to the center of the plasma
than that found by Powell’s method. While this might counteract transported heat
losses, based on the previous reasoning this could also lead to a faster CQ time and
amplified runaway generation. Indeed the CQ time is lower than the one obtained
at the other optimum, but only slightly, and the maximal runaway current is in fact
smaller by an order of magnitude. A possible explanation as to why a larger, more
evenly distributed neon injection did not lead to further complications regarding
current evolution and runaway generation can be found in the significantly different
deuterium densities returned by the two methods. Looking at Tab. 5.2, the Powell
optimum has an average density, n̄∗

D = 4.1 · 1021 m−3, that is higher than that of the
uniform scenario along with a positive, although subtle, inclination because c∗

D =
0.44. In contrast, the Bayesian optima has an average density, n̄∗

D = 3.57 · 1020 m−3,
that is notably lower and a profile that is much more peaked near the center, since
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Figure 5.6: Panel (a): Injected density profiles from the optimal disruption sce-
nario including heat transport with δB/B = 0.5 %, obtained using Powell’s method
(solid) and Bayesian optimization (dashed) on a four-dimensional parameter space.
The deuterium and neon profiles are normalized to a baseline case corresponding
to the values found by the Powell’s optimization using constant densities. Panel
(b): Evolution of the radiated and transported power during simulations using the
corresponding density profiles of the optima, as well as the uniform profiles of the
baseline case (dotted).

c∗
D = −6.6. The lower amount of injected deuterium reduces the initial temperature

decrease caused by ionization and dilution and may therefore compensate for the
temperature drop caused by a local increase in neon density. The fact that most
deuterium is deposited near the center could also serve to suppress the runaway
generation favored by the presence of neon.

The transported and radiated power throughout a disruption simulation using
the injected material densities from both optima, as well as the uniform scenario, is
shown in Fig. 5.6b. Note that the difference between the two transport channels is
much larger for the spatially varying densities, especially around 10−1 ms, which is
the timescale of the thermal quench. It is also interesting to note that the Bayesian
optimum (dashed) initially has a lower radiated power than the other two, result-
ing in a higher transported power. This could be due to the fact that a relatively
small amount of deuterium is deposited in the outer region which leads to a weaker
temperature decrease and, in turn, less effective line radiation from the neon. This
difference in initial temperature drop is confirmed when looking at the output data
from the respective simulations. The higher transport early on is however compen-
sated for by a lower transport during the majority of the TQ and the early stages
of the CQ.

Finally it is once again pertinent to discuss the optimization in a bit more detail.
In this increased parameter space, the importance of having a global optimization
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Table 5.2: A summary of the parameter values at the different optima obtained
via Bayesian optimization and Powell’s method respectively, for different types of
disruption simulations. Note that the bar has been removed when denoting the
average densities in the profile optimization.

Method Scenario n∗
D (m−3) n∗

Ne (m−3) c∗
D c∗

Ne

Bayesian

exp. decay 9.27 · 1021 8.51 · 1016 - -
trans. ∼ 0.2 % 5.52 · 1020 4.30 · 1019 - -
trans. ∼ 0.3 % 2.28 · 1021 2.04 · 1019 - -
trans. ∼ 0.4 % 1.92 · 1021 2.78 · 1019 - -
trans. ∼ 0.5 % 3.30 · 1021 1.32 · 1019 - -

profile 3.57 · 1020 1.08 · 1020 −6.6 6.3

Powell

exp. decay 1.17 · 1022 7.00 · 1016 - -
trans. ∼ 0.2 % 2.79 · 1021 1.83 · 1019 - -
trans. ∼ 0.3 % 2.36 · 1021 1.98 · 1019 - -
trans. ∼ 0.4 % 2.61 · 1021 1.89 · 1019 - -
trans. ∼ 0.5 % 2.71 · 1021 2.42 · 1019 - -

profile 4.06 · 1021 5.24 · 1019 0.44 10

routine became more evident. The minimum found via Powell’s method performs
well, but the injected densities given by the two techniques are notably different in
nature, especially considering the different signs of cD. Computationally, it should
be mentioned that Powell’s method required a total of 106 simulations to complete.
While it converged faster early on, as was expected, the Bayesian sampling made
a rather large improvement around the 50th simulation thereby surpassing Powell’s
method. Whether it was ”luck” is difficult to say based on a single result. Further
testing could therefore include running the routine several times with different initial
random sampling. One aspect of the Bayesian optimization that so far has been less
pronounced compared to previous sections is the construction of a GP, which aside
from leading the algorithm towards a minimum, also explores the parameter space
and is able to make predictions based on the collected data. In order to visualize
the four-dimensional posterior function in terms of marginal distributions we will
use a method involving Markov-chain Monte Carlo (MCMC).

By averaging over the different parameters of the constructed posterior mean
function, µn(n̄D, cD, n̄Ne, cNe), it is possible to illustrate its dependencies with re-
spect to one or two parameters simultaneously. This does however entail numerous
multi-dimensional integrals which can be computationally expensive. An efficient
numerical technique that is commonly used to compute expectation values within
Bayesian statistics is to sample points via the MCMC method. A full description
of MCMC falls beyond the scope of this project; for more information the reader is
referred to Ref. [51]. In short, the MCMC algorithm uses a random walk process,
which, given a probability distribution along with a list of starting points, will sam-
ple a number of points by taking “steps” from the previously sampled point. From
this procedure a discrete distribution of points is obtained, the mean of which is
a good estimate of the expectation value, according to the law of large numbers;
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Figure 5.7: Marginal distributions obtained from Markov chain Monte Carlo
(MCMC) sampling of the posterior probability distribution in Eq. 5.6. Note that
the blue contours indicate regions containing more samples (as indicated by the one
dimensional histograms on top), implying a smaller value for µn.

the accuracy of the method improves with the number of samples. More impor-
tantly, the number of samples obtained for specific parameter values will also reveal
lower-dimensional marginal distributions. While the posterior mean function is not
a probability distribution, it can be subjected to a similar analysis to obtain a distri-
bution that is indicative of the functional shape, from which averages can easily be
extracted. The strategy is thus to first sample the parameter space according to a
distribution that is inversely proportional to µn, and from the obtained set of points
determine marginal distributions that can be visualized as one- and two-dimensional
histograms. These illustrations will not provide quantitatively accurate values for
the objective function, but will rather give a qualitative idea of how the function
varies over the studied parameter space.
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For this work the MCMC was implemented through the emcee1 python module
and the steps were taken based on the stretch move [59]. The routine is provided
with a function that is proportional to the natural logarithm of the probability
distribution up to some additive constant. Here, a heuristic choice was made to use

ln p(n̄D, cD, n̄Ne, cNe|Dn) ∝ −1.8 · lnµn(n̄D, cD, n̄Ne, cNe), (5.6)

since it yielded a good balance during the sampling, where clear preference was given
to regions with lower values. The marginal distributions are plotted in a so-called
scatter plot matrix, using the corner2 python module; and the result is shown in
Fig. 5.7. Note that the color scale in the figure is such that blue regions contain
more samples, implying a smaller value for µn.

It must be emphasized that the histograms are suitable for qualitative analysis
only, for the following reasons. Firstly, the sampled object is the posterior mean
function, µn, produced by fitting a GP to a data set Dn. This does not take the
variance, σ2

n, into account, and it is probable that the 525 points contained within
the set are not sufficient to adequately explore the large four-dimensional param-
eter space. Deviations are therefore likely to occur, especially in regions further
away from the minimum, since fewer points will have been sampled there during
the Bayesian optimization. Secondly, the posterior probability distribution given in
Eq. (5.6) is somewhat arbitrary. Specifically, the factor 1.8 weighting the probabil-
ity, can be increased to exaggerate gradients, or lowered to make the distribution
more uniform. Lastly, a Gaussian kernel with σ2D = 1 and σ1D = 1.5 is used to
artificially smooth out the contour surfaces and one dimensional histograms respec-
tively. The motivation for this is that obtaining naturally smooth distributions
would require a very large number of samples combined with high bin counts, which
introduces greater computational costs. For these reasons, the number of samples is
not included on any axis or colorbar, as a quantitative analysis may be misleading.

Let us now consider the marginal distributions presented in Fig. 5.7. Starting
with the average densities, it is interesting to note that they have distinct maxima,
with the large peak for n̄Ne, being especially sharp. There is however some peculiar
behavior in the distribution of the n̄Ne, with two peaks located in the region n̄Ne <
1018, that previously saw heavy penalization due to incomplete TQs in Sec. 5.2.
Furthermore, when studying the two-dimensional distribution for n̄Ne and n̄D, no
obvious correlation with the injected deuterium content is found (that is, µ is only
weakly varying with n̄D for a given n̄Ne) in this low neon region, which is surprising
since a higher deuterium density can assist in achieving a radiative collapse. This
is thus likely an example of the previously mentioned deviations that can occur due
to the GP being highly uncertain in some regions, leading to inaccurate predictions
given by µn. This is supported by the fact that there are in total only 48 samples
in the parameter space for which n̄Ne < 1018, compared to the 477 samples where
n̄Ne ≥ 1018. As such, it is reasonable to exclude these peaks from consideration
and note that the preferable average densities seem to lie in the parameter region
n̄D ∼ 1020 − 1021 m−3 and n̄Ne ∼ 1020 m−3.

Moving on to the shaping parameters, these are more smooth in their distribu-
1emcee: https://emcee.readthedocs.io/en/stable/
2corner: https://corner.readthedocs.io/en/latest/index.html

66

https://emcee.readthedocs.io/en/stable/
https://corner.readthedocs.io/en/latest/index.html


5. Optimization of disruption mitigation scenarios

tions. For cNe there is an apparent, positive trend for higher values that agrees
with the previous observation that it is beneficial to deposit the majority of neon
towards the edge. Even more interesting is the subtle peak around cNe ∼ 6, which
is consistent with the value given by the Bayesian optimization, c∗

Ne = 6.27. Such
a clear preference is not shown in the distribution for cD. This is intriguing when
comparing the optima obtained by the two techniques, since they gave vastly dif-
ferent values for this shaping parameter. Furthermore, the location of the optimum
given by Powell’s, while different from the Bayesian optimum, does in fact lie in the
vicinity of the blue regions, and it follows the trends shown in the two-dimensional
histograms. For example, comparing the distribution of cD and cNe, one finds that
the blue region protrudes slightly in the top right corner towards higher values of
cNe. This is where the optimum returned by Powell’s method is located. In addi-
tion, it seems to be preferable to have higher values for n̄D, as well as slightly lower
values of nNe, when cD is increased. This helps explain why the average densities
are notably different for Powell’s optimum, where c∗

D = 0.44.
Figure 5.7 further exemplifies how valuable information, in addition to the lo-

cation of the optimum, can be extracted from the Bayesian optimization through
appropriate use of data processing. In the next section we will see how the routine
can be modified to be used for a slightly different application, when studying the
sensitivity of the optima obtained in Sec. 5.1 and 5.2.

5.4 Sensitivity analysis
From an engineering perspective, an important quality of any found optimum x∗

is that simulation outputs do not deviate too much from f(x∗) when perturbing
the input parameters by a small amount from the optimum. Allowing for small
variations in x is imperative considering the uncertainties involved in experimental
setups, as well as the possibility of the underlying physical model being inaccurate.
To address this kind of sensitivity, we instead consider the optimization problem of
maximizing f on some small subspace Pε ⊂ P , centered around x∗, rather than its
minimization on the entire P as previously in this chapter. We therefore refer to this
procedure as the pessimization of f on Pε, which can be thought of simply as the
search for the worst case scenario, given x ∈ Pε. These subspaces are defined such
that all points x ∈ Pε are within a distance of δxi := εx∗

i away from the optimum
in each direction, for some fraction |ε| < 1.

The procedure of pessimization is very much like that of the optimizations per-
formed in the previous three sections, but as information on the global behavior of f
on Pε is more vital for this assessment, we exclusively use Bayesian optimization in
this section and omit the use of Powell’s method. Furthermore, with this reason in
mind, a larger fraction of the samples are randomly drawn uniformly on this region,
compared to previously. At least 50 % of all points are sampled this way, while
the others are obtained from the expected improvement acquisition function, which
guides the sampling of x towards regions where the GP is either uncertain about f
or near the point where it currently believes f attains its maximum.

To illustrate such a procedure, Fig. 5.8 shows the posterior mean function of a
GP for the base objective function f = L1 on a subspace P10 % centered around
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Figure 5.8: Pessimization of the base objective function centered around the
optimum (red star) found in Sec. 5.1, from which the input parameters are allowed
to vary by 10 %. It illustrates the posterior mean function from a GP based on
a total 110 samples (black dots), as well as the current evaluated maximum (blue
star), which is L1 ≈ 4.5.

the optimum found in Sec. 5.1 (from the Bayesian optimization). It is based on
60 uniformly distributed samples and an additional 50 points gathered from the
acquisition function. From this, it is estimated that the objective function is L1 < 4.5
for the densities of injected deuterium nD and neon nNe within 10 % of the optimum
(n∗

D, n
∗
Ne) = (1.17 · 1022, 7.00 · 1016) m−3.

There are situations where this way of assessing the sensitivity may perhaps
yield a deceptive result, as the assumption of the objective function being continuous
might not be true. If the objective function included exceptionally large and localized
gradients, or even discontinuities, the GP will apply extremely short correlation
lengths in its covariance function. A shorter correlation length implies that a larger
fraction of Pε need to be explored to get a reasonable estimate. If such a region
is considerably small in size, it can be difficult to locate it, which results in the
underestimation of the sensitivity. An example of such a situation is showcased
in Fig. 5.9, in which a very narrow peak remains undiscovered for more than 50
function evaluations.

Figure 5.9a shows the posterior mean function based on 50 points that are uni-
formly distributed on this subspace. Having found that L1 < 0.6 for all these points,
one would at this stage prematurely draw the conclusion that this region is in fact
acceptable. As more samples are gathered however, as shown in Fig. 5.9b, the
GP finds a confined region close to the border of P1% where the objective function
rapidly grows towards a value of L1 ≈ 3. After this region is located, the acquisition
function guides much of the remaining samples near this peak. Out of all the 100
total samples, the steepest increase between any two points is ∆L1 = 1.96 when
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Figure 5.9: Pessimization of the base objective function centered around the
minimum (red star) found in Sec. 5.1 using Powell’s method, from which the input
parameters are allowed to vary by 1%. The two figures illustrate the posterior mean
function from the same GP at two different stages in the optimization procedure, as
well as the current evaluated maximum (blue star). Both panels include the same set
of 50 uniformly distributed input parameters, from which the evaluated maximum
is L1 = 0.53. An additional 50 points sampled from the expected improvement
acquisition function is shown in panel (b), revealing an exceptionally narrow region
in which L1 ≈ 3.

nD = 1.18112 · 1022 m−3 is increased by only 0.004 % and nNe = 6.99015 · 1016 m−3

by 0.008 %. Having identified this extraordinarily large gradient in the objective
function, the correlation length in each direction is dramatically altered in order
to account for this behavior. The correlation length in log(nD [m−3]) is reduced
from 8.42 · 10−4 to 9.08 · 10−6 and log(nNe [m−3]) is increased from 2.09 · 10−3 to
1.93 · 109. The posterior mean function is updated and turned into essentially a
constant function in nNe, with rapid oscillations in nD.

Table 5.3: Output variables corresponding to the minimum on P1 (maximum
on P10%) of the objective function. The first row is from the disruption scenario
considered in Sec. 5.1, where L1 is used, corresponding to Fig. 5.8. This is followed by
the scenarios considered in Sec. 5.2 with four varying magnetic perturbations during
the thermal quench, for which the objective L2 is employed. The corresponding
pessimizations of these four cases are included in Appendix B.2.

Scenario Imax
RE (A) Ifinal

Ω (A) τCQ (ms) ηcond (%)
exp. decay 1.980 (0.371) · 10−3 2.28 (1350) · 103 82.8 (86.4) -

trans. ∼ 0.2 % 6.55 (5.60) · 10−2 2.71 (14.9) · 10−6 57.3 (58.4) 5.1 (37)
trans. ∼ 0.3 % 1.41 (1.19) · 10−2 2.58 (0.92) · 10−10 55.5 (53.2) 16 (14)
trans. ∼ 0.4 % 28.8 (13.5) 8.94 (1.40) · 10−11 53.4 (51.1) 26 (22)
trans. ∼ 0.5 % 6.26 (4.89) 2.66 (9.98) · 10−12 54.6 (52.3) 50 (46)

69



5. Optimization of disruption mitigation scenarios

A summary of the worst performing scenarios found in P10% for the respective
disruption simulations can be seen in Tab. 5.3, which concludes this chapter. In all
cases the obtained output parameters violate the constraints set in Eq. (2.42), by
having either a large final Ohmic current or significant transported heat losses. For
the prescribed temperature decay, the maximum objective function was located in a
region where the final Ohmic current was excessively large, on the order of ∼ 1 MA.
Furthermore, as was speculated in Sec. 5.2, it seems that a perturbation of the
optima for the prescribed heat transport simulations can result in low CQ times or
large transported heat losses. It should however be noted that the transported heat
losses for most scenarios are lower at the maxima than at their respective optima,
while the CQ time is still within the permissible interval. This indicates that the
objective function could perhaps be modified, such that it does not return as large
values when τCQ > 50 ms. Finally, we find that Imax

RE in all scenarios is still relatively
small. However, since the pessimization is conducted with respect to the objective
function, this does not exclude the possibility of Imax

RE becoming substantial in some
region of P10 %.
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Conclusion and outlook

To achieve reliable tokamak operation, one must navigate a vast parameter space
that in some cases extend over several orders of magnitude. Through the use of
simulations, it is possible to study different dependencies and create models describ-
ing the observed phenomena. Owing to the large number of variables, it is however
exceedingly difficult to simultaneously take into account all of the relevant interac-
tions, which often limits the scope of the investigation. By applying an optimization
routine that relies on numerics rather than physical reasoning, the process of find-
ing viable parameter regimes for tokamak operation can instead be automated, and
made less subjective. Of course, the lack of knowledge about the system requires
that the algorithm is guided by suitable constraints and objective functions; but
when used appropriately, it can perform a comprehensive search of the parameter
space.

In this work we implemented two black-box optimization routines that were sub-
sequently applied to simulations of disruption scenarios representative of ITER.
Using objective functions that consider the maximum runaway current, the remain-
ing Ohmic current, the current quench time, and the transported heat losses, we
are able to find preferable parameter values for the amount of injected deuterium
and neon during a MMI. In this chapter we will provide a summary of the results,
including the obtained optimal parameters and the performance of the two opti-
mization methods, as well as give an outlook for possible improvements and further
studies.

6.1 Conclusion

As a proof of concept, we first optimized a disruption scenario where the temperature
had a prescribed exponential decay during the thermal quench and the injected
density profiles were uniform. In this case both methods converged towards similar
minima, around nD ∼ 1022 m−3 and nNe ∼ 8·1016 m−3. For this, an objective function
was constructed which depended on the maximal runaway current, remaining Ohmic
current, and current quench time. All these parameters were found to be within
the acceptable limits simultaneously at the optima found by the two optimization
methods. We find that in the optimal cases the relatively large amount of injected
deuterium resulted in an efficient suppression of REs, due to the increased drag
force, while also contributing to the temperature decrease such that an adequate
current quench time below 150 ms could be obtained. A sensitivity analysis in
the form of pessimization was also conducted, where the objective function was
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maximized in a region where the the parameters assumed values within 10 % of
the Bayesian minimum. This exercise revealed that the final Ohmic current varied
greatly within this subspace, reaching ∼ 1 MA at the maximum. Furthermore, when
a similar analysis was done for a contracted region corresponding to 1 % variation of
parameter values, a sharp peak was found, indicating discontinuities in the function,
related to the formation of Ohmic current channels in an unpredictable fashion.

The relatively low amount of injected neon at the respective minima could be
explained by the fact that the utilized objective function did not take transported
heat losses into account. To relax this limitation, the disruption simulations were
modified to use a self-consistent temperature evolution during the thermal quench,
from which the transported fraction of the initial thermal energy could be calcu-
lated. With an updated objective function, the same optimization routines were
applied to scenarios where heat and runaway particle transport was prescribed con-
sistently, through setting magnetic perturbation strengths in Rechester-Rosenbluth
type diffusion models. This complicated the dynamics of the thermal quench, lead-
ing to incomplete thermal quenches across a large region of the parameter space.
It was noted that the final Ohmic current was vanishingly small at the resulting
minima. Furthermore, the optimal neon densities were around three orders of mag-
nitude greater than that of the previous minima. Since the maximal runaway cur-
rent was sufficiently low for all cases, it was surmised that the diffusion of runaway
electrons was sufficient to limit the runaway seed, and thus significantly lower max-
imum runaway currents, despite the increased amount of injected neon. However,
the respective current quench times were in the vicinity of the lower limit, and the
transported heat losses became substantial for higher perturbation strengths. A sen-
sitivity analysis indicated that the latter quantities could assume even less agreeable
values within a 10 % variation of the optima.

Hoping to improve the worst performing scenario with prescribed transport, for
which δB/B = 0.5 %, two additional degrees of freedom were included in the opti-
mization, corresponding to parameters governing the profile of the injected material.
This improved performance greatly, with both optima returning satisfactory values
for the output parameters. Most notably, the transported fraction decreased sub-
stantially, likely owing to the fact that the average neon density at the optima was
higher than the previously obtained values. Furthermore, the optimal profiles were
such that the majority of neon was deposited near the plasma edge. Since runaway
generation is generally more prominent near the center of the plasma, it is possible
that an increase in the amount of neon does not induce excessive RE currents, when
distributed in this manner.

Regarding the two optimization schemes, we may conclude that they have dif-
ferent strengths and weaknesses, which can be considered when choosing an opti-
mization method. Powell’s method appears to converge faster towards a minimum
in most cases, though not during the four-dimensional optimization. A proper com-
parison between the efficiency of the methods would require further examination,
considering for example different starting positions for Powell’s method and different
random states for the Bayesian method. It did however become evident, specifically
for the profile optimization, that Powell’s method could struggle with getting stuck
in local optima. The Bayesian approach did not encounter the same problem. In
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addition, the Gaussian processes obtained during the procedure were highly infor-
mative and provided a great basis for further insight.

6.2 Outlook
One aspect of this project that required much consideration was how to limit the
scope, since there are numerous ideas for improvements and further research. To
start with, the respective optimization routines can be modified in several ways in
order to increase efficiency and prevent complications. With regards to Powell’s
method, there are techniques not used here that can be implemented to avoid linear
dependence, that makes better use of the constructed basis set [60]. In addition,
methods such as simulated annealing can be applied to avoid problems with the
routine getting stuck in local minima [51].

As for the Bayesian optimization, it is always possible to further improve the
prior distribution function, used to encapsulate any possible prior knowledge of the
objective function and integrate it into the Gaussian process. Naturally, how this is
to be improved upon, heavily depends on the situation, such as the black-box model
or the physical scenario considered. In this work we placed the standard normal
distribution as prior for the logarithm of the objective function at each point in pa-
rameter space to force it to yield positive real numbers. One could perhaps attempt
to incorporate the fact that for some input parameters, the objective function tends
to increase when moving towards the boundary in parameter space, assuming it has
been constructed such that the optimum is situated well inside the boundary. This
should be able to increase the efficiency of the routine in some cases.

Another possible addition would be to analyze the physical model used in this
work. The simulations were conducted using a fully fluid model of the plasma, which
only resolved one spatial dimension. One simple improvement would be to asses the
obtained optima through similar simulations that instead use the fully kinetic mode
in Dream, which also resolves the electron momentum space [41]. It should however
be noted that there are several additional levels of approximation in between, such
as a fluid model that also takes the momentum dependence of runaway transport
into account [61].

The numerical experiments can also be developed further. As was pointed out,
the self-consistent evolution of magnetic perturbations is a complex phenomenon and
the choices made here to model them are, to a large degree, arbitrary. Coupling the
simulations to an MHD code that evolves the magnetic field self-consistently would
increase the computational expense of the simulations beyond what is reasonable
for optimization. By studying the perturbations with frameworks such as Jorek,
it might however be possible to make an informed choice, modelling and prescribing
the transport more appropriately [58]. Furthermore, there are properties of the
material injection that were not considered in this work. In the simulations it was
assumed that all of the injected material was instantaneously deposited according
to a certain profile at time t = 0. In practice the material is however injected into
the plasma through methods such as massive gas injection or pellet injection, which
introduces new dynamics to the system [62]. In addition, it is common to use a two-
stage injection scheme, where the deuterium and neon would be inserted at different

73



6. Conclusion and outlook

points in time during the disruption. This entails new degrees of freedom which are
suitable for optimization.

Finally, in this project we have focused on a material injection scenario, but there
are many other properties of tokamak operation that could be subjected to a similar
analysis. It is for example possible that the initial magnetic geometry could have a
significant impact during disruption events. Similarly, the initial temperature and
current profiles are integral to the nature of a disruption (the avalanche mechanism is
for example exponentially sensitive to the total Ohmic current), and could therefore
also be targets of optimization or sensitivity analysis. Moreover, it is important to
note that the optimization methods are not exclusive to disruption scenarios. While
the results obtained in this project shows promise for future disruption mitigation
in tokamak reactors, they have more importantly illustrated the feasibility of an
optimization approach to this type of problem. One could for example imagine
using the same framework to study tokamak start-up or steady-state operation, but
the possibilities extend beyond this as well [63]. The results in this work indicate
that through proper use of optimization techniques it is possible to make the black-
box, along with the intricacies of fusion energy, more transparent.
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A
Analytic magnetic geometry

In Dream it is assumed that every particle trajectory exactly follows magnetic field
lines, lying in surfaces of constant poloidal flux ψ(r). The radial coordinate r is
defined as the half width of a flux surface in the midplane, and is used together with
the two angles θ, φ to describe any position x = x(r, θ, φ) in this toroidal geometry.
As shown in Fig. A.1, θ and φ are angles for the poloidal and toroidal directions,
respectively.

More specifically we consider an up-down symmetric magnetic geometry. Each
flux surface is parameterized by a major radius R0, a reference poloidal flux ψref(r)
as well as the three shaping parameters κ(r) elongation, δ(r) triangularity and ∆(r)
Shafranov shift, as provided in Tab. A.1. Firstly, the elongation is a scale factor
determining the ellipticity of a flux surface and is usually κ ≳ 1. The triangularity
δ(r) determines the horizontal shift of the upper and lowermost points in the z-
direction and finally, the Shafranov shift |∆(r)| < a, is a shift of the flux surfaces in
the direction of the major radius. Using the Cartesian basis vectors, any point x is
specified by

x = R(r, θ)R̂(φ) + z(r, θ)ẑ,
R(r, θ) = R0 + ∆(r) + r cos[θ + δ(r) sin θ],
z(r, θ) = rκ(r) sin θ,
R̂(φ) = cosφ x̂ + sinφ ŷ. (A.1)

Note that this parameterization makes the angle θ slightly differ from the angle in
the poloidal plane between the outer midplane and any position x = x(r, θ, φ), with
the origin at the magnetic axis. The Jacobian for this coordinate system is given by

J =
∣∣∣∣∣∂x

∂r
·
(
∂x

∂θ
× ∂x

∂φ

)∣∣∣∣∣ = 1
|∇r · (∇θ × ∇φ)| , (A.2)

which can be evaluated in closed form (see appendix of Ref. [41]) in terms of the
parameterization in Eq. (A.1). The area V ′ introduced in Ch. 3 is the Jacobian
of the reduced one-dimensional coordinate system of only r, which is used when
calculating the flux surface average ⟨X⟩ of quantity X, and is given by

⟨X⟩ := 1
V ′

∫∫
J dθ dφ X(r, θ, φ), (A.3)

V ′ :=
∫∫

J dθ dφ . (A.4)

The integrals are evaluated from 0 to 2π in both angles θ and φ.
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A. Analytic magnetic geometry

r

ϕ

θ

Figure A.1: Illustration of the three coordinates used to describe positions
in a shaped tokamak magnetic geometry, namely the radial coordinate r, poloidal
angle θ and the toroidal angle φ (out of the paper). This particular geometry uses
the shaping profiles in Tab. A.1, characterizing that of a ITER-like plasma, which
is considered in Ch. 5. The outermost flux surface (dashed black) indicates the
tokamak wall at r = 2.15 m. Inside of this is the edge of the plasma at r = 2 m
(solid red) as well as a surface inside the plasma labeled with r (solid black).

Being symmetric in the toroidal direction, i.e. any derivatives ∂/∂φ vanish, the
magnetic field can be expressed in the following form

B = G(r)∇φ+ ψ′
ref(r)
2π ∇φ× ∇r, (A.5)

where the function G(r) describes the toroidal component of B and ψ′
ref is the

derivative of the reference poloidal flux ψref . Note that the actual poloidal flux
ψ varies in a simulation, as the current density changes in time, recall Eq. (3.3),
but the magnetic geometry, including the reference poloidal flux is held fixed in
the simulation. The magnetic field strength B is assumed to have exactly one
maximum and one minimum, per flux surface. Usually in tokamaks, as is the case
for the considered analytic magnetic geometry of ITER described in Tab. A.1, the
toroidal component of the magnetic field is much larger than the poloidal component.
Therefore B ≈ |G(r)∇φ| = G(r)/R =⇒ B ∝ 1/R approximately for a slowly
varying G(r).
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Table A.1: Polynomial coefficients describing the plasma and its shaping profiles.
Together with the following coefficients, each radially varying quantity is obtained by
adding up the terms anr

n over integers n. These sets the magnetic geometry similar
to that of ITER [37]. The major radius is set to R0 = 6 m, and the outermost minor
radius is a = 2 m.

Quantity a0 a1 a2 a3 a4

ψref/R0 [Tm] - - 0.794102 −0.117139 -
κ 1.5 - - - 0.02
δ - - 0.035 - 0.017
∆ [m] - - −0.00658678 −0.00634124 -
G/R0 [T] 5.3 - −0.310741 0.107719 -
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B
Gaussian process predictions

With the use of GP regression, which is detailed in Sec. 4.2.1, it is possible to obtain
a point estimate — the posterior mean function µn — estimate of the objective
function in question, provided a set of n function evaluations. In Sec. 5.1, this
method was applied to the function L1, as defined in Eq. (5.2), being a function
of the maximum RE current, final Ohmic current and the CQ time. All of these
are outputs of fluid simulations of the disruption scenarios, as described in Ch. 3,
which in turn depend non-linearly on a set of input parameters describing various
initial conditions and other aspects of a disruption simulation. All but two inputs
were set according to a baseline scenario. These two, namely those of injected neon
and deuterium densities nNe and nD, respectively, were instead treated as variables
when optimizing L1

Included here are two aspects of the GP regressions performed in Ch. 5, namely
the evolution of the posterior mean function, towards in its final form in Fig. 5.2b in
Sec. 5.1, followed by the four sensitivity analyses presented in Tab. 5.3. The former
is to illustrate an example where the Bayesian optimization method first finds a
local optimum and is then able to locate a region with an even lower value in L1.

B.1 Initially prescribed temperature evolution
A total of 200 samples were used to construct the GP illustrated in Fig. 5.2. These
were chosen based on the acquisition function described in Sec. 4.2.2, weighing be-
tween exploration of the parameter space and minimization of the objective function.
To illustrate the sampling procedure and the evolution of the GP, Fig. B.1 shows
the posterior mean function at different stages during the Bayesian optimization
in Sec. 5.4. Notably, after 100 samples it is evident that the routine has found a
preferred region, corresponding to rather high amounts of injected deuterium and
neon. This is where most sampled points lie. Large parts of the parameter space
are however still sparsely sampled at this point and it can be seen that after 115
samples, a new minimum is found in a region with significantly lower neon densities.
What follows is an extensive sampling of the newly found region where the posterior
mean function is low and the uncertainty is high. After 130 samples the posterior
mean function has become more nuanced within this small part of the parameter
space, and after the full 200 samples a narrow blue region has appeared, where the
GP predicts that the objective function is on the order of ∼ 10−1.
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Figure B.1: GPs with increasing number of samples of the objective function L1
included. The red star shows the sample with the current evaluated optimum x∗

n,
and the black dots indicate each of the n samples.

B.2 Pessimizations of found minima
A sensitivity analysis, analogous to that in Sec. 5.4, was conducted for all scenarios
with transported heat losses and uniform material injection. The posterior mean
function of a GP constructed by sampling the corresponding P10 % subspaces is
shown in Fig. B.2. It can be seen that, in the vicinity of the optimum obtained for
δB/B = 0.3 % and δB/B = 0.5 %, the objective function, L2, increases significantly
for higher amounts of injected deuterium and neon. This is likely a result of the
disruptions having a lower CQ time when injecting more material. A similar decrease
of the CQ time was obtained at the maximum for δB/B = 0.4 %, which, in contrast
to the previous cases, is located in a region of lower deuterium density. It is possible
that this is a consequence of the non-linear behavior of the radiated power. As
for the optimum obtained when δB/B = 0.2 % (which, as was seen in Fig. 5.4, is
located in a slightly different region than the other optima) the maximum value of
the objective function found in P10 % instead corresponded to lower values of nD and
nNe. From what is shown in Tab. 5.3, it seems that this is a result of the transported
heat losses increasing, rather than a decrease in the CQ time.
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Figure B.2: Pessimizations of the base objective function centered around the
optimum (red star) found in Sec. 5.2, from which the input parameters are allowed
to vary by 10 %. The subfigures correspond to magnetic perturbations δB /B of (a)
0.2 %, (b) 0.3 %, (c) 0.4 % and (d) 0.5 %, all radially uniform. The output variables of
maximum RE current, final Ohmmic current, CQ time and the transported fraction
for the optimum, as well as for the maximizer (blue star) on P10 %, are included in
Tab. 5.3.
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