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Chain of codes to simulate LHCD on WEST tokamak
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Source: E. Nilsson et al, 2013 Nucl. Fusion 53 083018.
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Fokker-Planck equation solving

Gy [‘

C % collision operator for collisions between particle species a and b,
L(f,) — Lorentz scattering operator,

p =yv/c - normalized momentum,

fa - velocity distribution function of species a.
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Fokker-Planck equation solving
ab
(il

Deflection frequency
(elastic collisions)

C % collision operator for collisions between particle species a and b,
L(f,) — Lorentz scattering operator,

p =yv/c - normalized momentum,

fa - velocity distribution function of species a.
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Fokker-Planck equation solving

e Ifa) + 23

Deflection frequency Slowing-down

(elastic collisions) frequency
(inelastic collisions)

C % collision operator for collisions between particle species a and b,
L(f,) — Lorentz scattering operator,

p =yv/c - normalized momentum,

fa - velocity distribution function of species a.
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Fokker-Planck equation solving

Gy [’

Deflection frequency Slowing-down Parallel-diffusion
(elastic collisions) frequency frequency
(inelastic collisions) (parallel-diffusion)

C % collision operator for collisions between particle species a and b,
L(f,) — Lorentz scattering operator,

p =yv/c - normalized momentum,

fa - velocity distribution function of species a.
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Fokker-Planck equation solving

1 0 1 af,
ab _ _~ 1s3,,ab _ ,ab Ja
C a)+p26p n>vd f + SV op
Deflection frequency Slowing-down Parallel-diffusion
(elastic collisions) frequency frequency
(inelastic collisions) (parallel-diffusion)

C % collision operator for collisions between particle species a and b,
L(f,) — Lorentz scattering operator,

p =yv/c - normalized momentum,

fa - velocity distribution function of species a.
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Physical background
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Physical background

Bound
electrons
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Physical background

Bound
electrons

Free electron
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Physical background

Bound
electrons

Deflection is small
Nucleus is screened by
bound electrons

Free electron
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Physical background

Free electron Bound
electrons




THE HENRYK NIEWODNICZANSKI
INSTITUTE OF NUCLEAR PHYSICS
, POLISH ACADEMY OF SCIENCES

Physical background

Bound
electrons
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Physical background

Electrons outside
have no effect for Positively charged
electron of interest nucleus

Pinitiat — Pfinal = 4

F(q) F(q) = fp(r)e—iqr/ao d3r

Electrons in between
cancel some of
the nucleus charge

Source: A. Jardin et al, 2020 IFJ PAN REPORT NO 2105/AP.
https://www.ifj.edu.pl/badania/publikacje/raporty/2020/2105.pdf
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Physical background

Electrons outside

have no effect for Positively charged
electron of interest nucleus

F(g) = 0
0<F(a)<N
LY F@)=n

Electrons in between
cancel some of
the nucleus charge

No screening
Partial screening

Full screening

N — number of bound electrons

Source: A. Jardin et al, 2020 IFJ PAN REPORT NO 2105/AP.
https://www.ifj.edu.pl/badania/publikacje/raporty/2020/2105.pdf
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Elastic collision frequency

dog  1y? [cos?(6/2)p® + 1
an  4p* sin*(6/2)

1o — the classical electron radius,

0 - deflection angle,

p =yv/c - normalized electron momentum,
v — impacting electron velocity,

¢ —the speed of light in vacuum,

y — Lorentz factor,

Z —atomic number.
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Elastic collision frequency

dog  1y? [cos?(6/2)p® + 1
an  4p* sin*(6/2)

i Depends on
F( ) — J iqr/ag d3T‘ - )
1 electron density

1o — the classical electron radius, q = 2p sin(0/2)/a is the momentum transfer,

0 - deflection angle, a =~ 1/137 —the fine structure constant,

p =yv/c - normalized electron momentum, T - atomic radius as a spatial coordinate measured
v — impacting electron velocity, from the centre of the atom,

¢ —the speed of light in vacuum, a,— the Bohr radius,

y — Lorentz factor, N —the number of bound electrons.

Z —atomic number.
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Elastic collision frequency

dog  1y? [cos?(6/2)p® + 1
an  4p* sin*(6/2)

T\ . Depends on
F()=47rj Sm(ra)dr I
! 0 q T/ electron density

1o — the classical electron radius, q=1q|,

0 - deflection angle, r=|r|,

p =yv/c - normalized electron momentum, a,— the Bohr radius,

v — impacting electron velocity, N — the number of bound electrons.

¢ —the speed of light in vacuum,
y — Lorentz factor,
Z — atomic number.
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Atomic models

Quantum mechanical model
« Density functional theory (DFT)

DFT Electron density for W

N

p(r) [a
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Atomic models

Quantum mechanical model Semi-empirical approximations:
« Density functional theory (DFT)  Thomas-Fermi (TF)
» Pratt-Tseng (PT):

DFT Electron density for W TF Electron density for W

10%)
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Form factor calculation

F(q) = (r) rq&sin(qr/ ap)dr
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Form factor calculation

F(q) = (r) rqﬂsin(qr/ ap)dr

Numerical integration:

* Density functional theory (DFT)
« Thomas-Fermi (TF)

* Thomas-Fermi-Dirac (TFD)
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Form factor calculation

F(q) = (r) rq&sin(qr/ ap)dr

Numerical integration:

* Density functional theory (DFT)
« Thomas-Fermi (TF)

* Thomas-Fermi-Dirac (TFD)

Numerically calculated integral can only be used to solve equations for
collision frequencies in numerical way, which is time consuming!
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Form factor calculation

F(q) = (r) rqﬂsin(qr/ ap)dr

Numerical integration: Analytic integration:

* Density functional theory (DFT) * Thomas-Fermi Kirillov
- Thomas-Fermi (TF) approximation (TFK)

+ Thomas-Fermi-Dirac (TFD) * Pratt-Tseng (PT)
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Results: DFT vs TF models

e FormfactorforW®' ze74 DESCRIPTION

60 o « Form factor for tungsten ion
—=—=TFD W+10 calculated with different
TFKapp

models

o Results from DFT, TF and TFD
40 - _ models are calculated with
the numerical integration

(=
I . . .
=l T « TFK approximation is
calculated with an analytic
20 L il integral
10 F .
0 I ! ! Q'hth%‘“n ........ J
1072 1071 10° 10 10? 10°
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Figure of merit

RMS = |—=*—* z(FDFT(CIL) F(q;))?

Fppr — form factor calculated with DFT approach
F, — compared form factor

N — number of electrons in ion

n —number of q values
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Figure of merit

/ \

n

1 1
RMS = <m * E * z(FDFT(Qi) — FZ(qi))Z
V

=1

A\ 4

Root Mean Squared
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Figure of merit

1\ 1 <
s = (b - Yarron - )

=1

Absolute difference

A\ 4

Root Mean Squared
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Figure of merit

1\ 1 <
s = (b - Yarron - )

=1

Normalization Absolute difference

A\ 4

Root Mean Squared
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Results comparison

Comparison of form factor calculation Z=74
: P . . : : : DESCRIPTION
s Tungsten TF
Y PT, « RMS of the absolute
10" zz 1 difference between form
I o] factors calculated with DFT
‘% 4 .
TR - = “TFKapp | and TF/TP electron density
RN ] models:
% r: ‘.“ 6: “-‘ ““‘_‘ |
3 f". i '\, - u"““ o
2 AR e RMS = Z(anqo F3(40)?
x ., ’... \ ““ “‘:::u
." NN i e V4
. ‘e ‘o, ‘0' ot ." /7 R
H A ey ,
H AN . o 7
:.:. ."":t.. ~ ‘{ ..."' L P
] "‘:' S e e =~~~
102 H
10 20 30 40 50

60

70
N — number of electrons
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Can we make it better?
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Multi-exponential PT model - PT,

Electron density: Atomic form factor:

N r N
ppr(r) = mexp (—@ Fpr(q) = 1+ (@2
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Multi-exponential PT model - PT,

Electron density: Atomic form factor:
() =~ exp () For(@) = 7
PPTA) = 4ra2 P\ 74 PTAA 1+ (ga)?

1 i Ni r -
o) = 5 | 2,6 @
=1

5
N;
FPTopt(CI) = z 1 (2
i=1
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Multi-exponential PT model - PT,

Grouping of the electrons in the PT__.. model
I Electron group N; N, N N, Ng
§ Max. number of bound electrons in each group 2 8 18 28 rest
I Total bound electrons when group fully occupied 2 10 28 54 rest
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Multi-exponential PT model - PT,

Grouping of the electrons in the PT_.. model

I Electron group N; N, N N, : Ng
§ Max. number of bound electrons in each group 2 8 18 28 rest
I Total bound electrons when group fully occupied 2 10 28 54 rest

Z—N

, Where x = —

a;(Z,N) = 1/\/,12 =)

A(Z) = cqyx Z%
Ngi(Z) = c3; % Z4
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Multi-exponential PT model - PT,

I Electron group N; N, N N, : Ng
§ Max. number of bound electrons in each group 2 8 18 28 rest
I Total bound electrons when group fully occupied 2 10 28 54 rest
1—x"sitl Z-N
a;(Z,N) = 1/\//1 2 (—x), where x = —
Ai(Z) =cq;xZ°%

Ngi(Z) = c3; * Z41

Optimized parameters for PT... model

=1 =2 =3 =4 =5
1.1831 0.1738 0.0913 0.0182 0.7702
0.8368 1.0987 0.9642 1.2535 0.2618
0.3841 0.6170 1.0000 1.0000 1.0000

0.5883 0.0461 1.0000 1.0000 1.0000
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Results: PT,

Comparison of form factor calculation Z=74
10" P . . | . \ DESCRIPTION
L Tungsten = = TF ||
X PT, | | o RMS of the absolute
£ ES 1 difference between form
LY ot factors calculated with DFT
EUE RS y and TF/TP electron density
""\ e models:
: PyuS """ ‘::;y | L e
2 B [ — RMS =~ |~ (Fopr (@) = F2(a))?
o 1 e Es
% i=1
‘/ 1‘ , - N _ )“ \ . o LEFTTTILL
/‘ , - \—- "‘ ““'
2 v 7 o i
1024 » .-
0 \”: s \\ 1 N L
[ \ \ L™
LA v S v
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F A \ / \
~ 7 \ !
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N — number of electrons
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Results: collision frequency

) Collision frequency ratio
10% [ . . . w ; ; ] DESCRIPTION
i DFT,E = 0.1 keV 1
DFT,E = 1 keV Tungsten ! | —— DFT - high accuracy, low
| DFT, E = 100 keV | —
- = PT,E=0.1keV speed
— = PT,E=1keV
PT,. E = 100 keV ] - =+ PT1 - high speed, not so
| [sreenens PT o E= 0.1 keV ] - accurate
weenenen PT_ E=1keV
opt
| e PT o E = 100 keV = PT opt — high accuracy, high
[3) 1L I I I
Z 10| ] speed
« Collision frequency ratio
1 v _ _partial screening case
: ves  complete screening case
| o Plasma parameters:
] > electron density
n,=5-10¥m=3
> electron temperature
-u-----“---u---l" Te =3 keV
100 Lesseasssanmnaszizs: ;
0 10 20 30 40 50 60 70 80
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Fokker-Planck equation solving - reminder

ab __ .,ab L ab fa
C —< VD L fa) + pz ap | a + 5 V” ‘a?
Deflection frequency Slowing-down Parallel-diffusion
(elastic collisions) frequency frequency
(inelastic collisions) (parallel-diffusion)

C % collision operator for collisions between particle species a and b,
L(f,) — Lorentz scattering operator,

p =yv/c - normalized momentum,

fa - velocity distribution function of species a.
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Inelastic collisions - Stopping power

Formal definition:

S(v) — stopping power

E(v) — particle kinetic energy

v — particle velocity

n — scatterer density

x —length of the particle trajectory
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Inelastic collisions - Stopping power

Formal definition:

Bethe-Bloch theory (with further corrections) [IcRU Report 1984]:

4
s(v):ﬂN ﬁ2_£_£]

mv2 2 2
S(v) — stopping power
E(v) — particle kinetic energy N — number of bound electrons in target atoms
v — particle velocity 8 = v/c - relativistic correction
n — scatterer density 6 — density-effect correction factor
x — length of the particle trajectory U — shell-effect correction factor

Source: ICRU Report 49, Stopping Powers and Ranges for Protons and Alph Particles (1984).
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Inelastic collisions - Stopping power

Formal definition:

| dE(v)
S(v)=——
n dx

Are? o U

_ 2 _
S(v)_mva G b 2 2]

Mean excitation energy

Source: ICRU Report 49, Stopping Powers and Ranges for Protons and Alph Particles (1984).
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Mean excitation energy

Formal definition:
:Znio frnolnEng

Inl
2in=0 Jno

Inl - mean excitation energy
E,, - energy of transition 0 -> n
fno — oscillator strength of transition 0 -> n
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Mean excitation energy — Current approach

o Interpolation between
Neutral atom: I, = 10 Z eV
Hydrogen like atom: I, , = I y Z* = 13.6 Z* eV

o With exponential function

Iy = 2N
v =explas—

« Whereb =1In(10Z2),a =1In(13.6 Z2) — b
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Results — Mean excitation energy

9 T T T T

O Quantum calculations
Peysson Approximation

8.5

Inl [eV]

6.5

Mean excitation energy Z=18
T T

0

10

12

14

16

18

DESCRIPTION

o Interpolation used in LUKE
compared to quantum
calculations by Sauer at.al

Source: S. P. Sauer et al, Advances in Quantum Chemistry Vol. 71 (Academic Press, New York, 2015), p. 29.
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Mean excitation energy

Formal definition:
:Znio frnolnEng

Inl
Yinz0fno

Local plasma approximation [Lindhard 1953] (LPA):

1
Inl = I Jd3r47zr2p(r)ln(th0)

@, = \/47ze2p(r)/m.

[nl - mean excitation energy w, - local plasma frequency
E,o - energy of transition 0 ->n r - atomic radius
fno - oscillator strength of transition 0 -> n h —reduced Planck constant

Source: J. Lindhard and M. Scharff, K. Dan. Vidensk. Selsk. Mat. Fys. Medd. 27 (1953) no. 15.
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Mean excitation energy

Formal definition:
:Znio frnolnEng

Inl
Yinz0fno

Local plasma approximation [Lindhard 1953] (LPA):

|
Inl = — | d*r4 (yhw,)
" NJ ' ﬂ NG Depends on
— electron densit

(atomic model)

Source: J. Lindhard and M. Scharff, K. Dan. Vidensk. Selsk. Mat. Fys. Medd. 27 (1953) no. 15.
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Results — neutral atoms

7 — . — Mean excitation energy . . DESCRIPTION

« Mean excitation energy of neutral
atoms

« Comparison of results from NIST
Database and data calculated with
LPA based on different electron
density models

o LPA calculations cover only limited
number of data points

Inl [eV]

2 I I I I ! I I I I I
(5) 10 15 20 25 30 35 40 45 50

Z — atomic number

Source: NIST X-Ray Mass Attenuation Coefficient https://physics.nist.gov/PhysRefData/XrayMassCoef/tabl.html



https://physics.nist.gov/PhysRefData/XrayMassCoef/tab1.html
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Results — Argon ions

85 . e XA ety 2 oo DESCRIPTION
O Quantum calculations
—w— LPA (based on DFT rho(r) ) « Mean excitation energy of argon
g |- |+++ 9t LPA (based on PT , rho(r) ) y ions
s==2a: LPA (based on PT3 rho(r) ) (o)
=-at:-+: LPA (based on PT  rho(r) ) « Comparison of results from multi-

configurational self-consistent field
calculations by Sauer et al. and LPA
based on different electron density
models

Inl [eV]

5 I I I I I I I I
18 16 14 12 10 8 6 4 2 0

N — number of electrons

Source: S. P. Sauer et al, Advances in Quantum Chemistry Vol. 71 (Academic Press, New York, 2015), p. 29.
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Alternative solution

o Calculate all significant transition energies and oscillator
strength for every ion of interest and use the definition of
mean excitation energy:

_ 2n=0 fnolMEno
ZTIF/—'O leO

Inl
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